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Chapter 2
Dirac neutrino mass model of
Davidson and Logan
2.1 The model
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2.2 Lagrangian
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{ G: Gauge-Higgs part
Jo ui jt tvctf dujpo- x f qsf tf ou ui f Mbhsbohjbo gps ui f hbvhf .I jhht tf dups0



















x i f sf γ jt b n jyjoh bohmf gps DQ.fwfo I jhht0 Pof dbo x sjuf ui f dpwbsjbou ef sjwbujwf gps fmfdusp.x fbl
hbvhf hspvq-





















Ui f o √Dμﬀ i√2 jt-
√Dμﬀ 1√2 A tjo2 β∂μH−∂μH+ , 2
3
}




























Zμ∂μA e tjo β)A
μ ubo θWZ
μ*)W−μ H












































+ , W+μ H



















)h tjo γ , H dpt γ*∂μH







, e tjo2 β)Aμ ubo θWZ







√Dμﬀ 2√2 A dpt2 β∂μH−∂μH+ , 2
3
}
























)h dpt γ H tjo γ*
dpt β
dpt θW
Zμ∂μA , e dpt β)A
μ ubo θWZ
μ*)W−μ H













































+ , W+μ H
















)h dpt γ H tjo γ*∂μH












, e dpt2 β)Aμ ubo θWZ
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{ Y : Yukawa part
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{H : Higgs potential part
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qbqf s- x f jouspevdf ui f gpmmpx joh sfbmP)5* sf qsf tf oubujpo gps fbdi epvcmfu- c f dbvtf ui jt qbsbn fusj–bujpo































































































x i f sf pof dbo di pptf m212 sf bmboe qptjujwf0 X jui ui f opubujpo pg Fr0)3027*- ui f tpgumz cspl f o hmpcbm
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Chapter 3
Quantum correction to tiny vacuum
expectation value in the model of
Davidson and Logan
Jo ui jt di bquf s- x f tuvez ui f tubcjmjuz pg ui f wbdvvn bhbjotu ui f r vbouvn dpssf dujpot0 Ui jt i bt c f f o
tuvejf e f yuf otjwfmz jo S f g0]4a
3.1 Tree level potential
Jo ui jt tf dujpo- x f e jtdvtt ui f tubcjmjuz pgui f wbdvvn pgui f gsf f mfwfmqpufoujbmjo Fr0)3025*0 X f bmtp vtf
ui f qbsbn fusj–bujpo jo uf sn t pg )v, β, α, θ′* pgFr0)302: * gps WFWpgui f ux p epvcmfu I jhhtf t0
Ui f dpotusbjout po ui f r vbsujd dpvqmjoht gspn dpoejujpo ui bu ui f usf f mfwfmqpufoujbmjt ui f cpvoef e
c fmpx - bsf e f sjwf e jo S f g0]2a- ]6a- ]29a0
λ1 > 1, λ2 > 1, )402*√
λ1λ2 ≥ λ3, )403*√
λ1λ2 ≥ λ3 , λ4. )404*
Jo beejujpo up ui f dpoejujpot po ui f r vbsujd uf sn t- pof dbo dpotusbjo ui f qbsbn fuf st jodmvejoh ui f
r vbesbujd uf sn t tp ui bu ui f e f tjsf e wbdvvn tbujtﬂf t ui f hmpcbmn jojn vn dpoejujpot pg ui f qpuf oujbm0
Bcpvuui f hmpcbmn jojn vn pgui f usf f qpuf oujbm- ju x bt ti px o ui buui f f of shz pgdi bshf of vusbmwbdvvn
jt mpx f s ui bo ui bupgui f di bshf csf bl joh wbdvvn ]6a0 X f ui f sf gpsf tf uα –f sp0 X f bmtp sf rvjsf ui f wbdvvn
fyqfdubujpo wbmvf pgui f tf dpoe I jhht jt n vdi tn bmf s ui bo ui bupgui f ﬂstuI jhht- x i jdi jn qmjf t ui buubo
β jt tn bmm0 Jo uf sn t pgui f qbsbn fusj–bujpo jo Fr0)302: * x jui α A 1- ui f qpuf oujbmdbo c f x sjuuf o bt-
Vtree)v, β, θ
′*A A)β*v4 , B)β, θ′*v2, )405*























tjo2 β m212 dpt θ
′ dpt β tjo β. )406*
X f ﬂstu ﬂoe ui f hmpcbmn jojn vn pgVtree0 Ui f tubujpobsz dpoejujpot
∂Vtree
∂ϕI
A 1)I A 2, 3, 5*- bsf x sjuuf o
bt-
v)3Av2 , B*A 1, )407*
3r4 A tjo 3β
)2 r1r2*dpt 3β , r2 r1r3
r2 dpt2 3β)r3 , 2*dpt 3βr2
, )408*
m212 tjo θ
′ tjo 3β A 1, )409*











λ1 , λ2 3λ3 3λ4
,
r3 A
λ1 , λ2 , 3λ3 , 3λ4









Ui f tubujpobsz dpoejujpot Fr0)407* boe Fr0)408* dpssf tqpoe up Fr0)E04* pgS f g0 ]9a0 I f sf x f tpmwf ui f n
f yqmjdjumz cz usfbujoh ui f tpgucsf bl joh uf sn m12 bt qf suvscbujpo0 Ui f opo.–f sp tpmvujpo gps v
2 jo Fr0)407*








λ1 , λ2 λ34
2 , r1 dpt 3β 3r4 tjo 3β
dpt2 3β , r3 , 3r2 dpt 3β
, )4021*
x i f sf λ34 A λ3 , λ40 Tvctujuvujoh ju joup Vtree- pof pcubjot-






3)λ1 , λ2 λ34*
)2 , r1 dpt 3β 3r4 tjo 3β*
2
dpt2 3β , r3 , 3r2 dpt 3β
, )4022*
Gps opo.–f sp m212 boe tjo 3β- ui f tpmvujpo pg Fr0)409* jt tjo θ
′ A 10 Pof tujmmof f et up ﬂoe β bn poh
ui f tpmvujpot pg Fr0)408*- x i jdi mfbet up ui f n jojn vn pgVmin.0 X f tpmwf Fr0)408* boe efuf sn jof β cz
usfbujoh r4 )m
2






|m222λ1−m211λ34| , dpt θ







|m211λ2−m222λ34| , dpt θ







Dpssf tqpoejoh up fbdi tpmvujpo- )2*)4* pgFr0)4023*- ui f wbdvvn fyqfdubujpo wbmvf v2 boe ui f n jo.































































Ui f mfbejoh uf sn t pg ui f wbdvvn fyqfdubujpo wbmvf t bhsf f x jui ui ptf pcubjof e jo Z2 tzn n fusjd n pefm























Ubcmf 402; Dmbttjﬂdbujpo pgui f tpmvujpot x jui opo –f sp tjo β pgui f tubujpobsz dpoejujpot pgI jhht qpuf oujbm0
Gps )4*- O)r4* dpssf dujpo jt opu ti px o0
dpt θ′ A 1
)5*tjo β A 1
m411
2λ1
)6*dpt β A 1
m422
2λ2
Ubcmf 403; Dmbttjﬂdbujpo pgui f tpmvujpot x jui tjo 3β A 10
]2: a0 Jg tjo 3β A 1- ui f o r4 n vtu c f wbojti joh boe dpt θ
′ A 1 gspn Fr0)408* boe Fr0)409*0 Ui f wbdvvn
f of shjf t pgui f opo.–f sp tjo 3β tpmvujpot bsf ti px o jo ubcmf04020 Jo ubcmf0402- ui f wbdvvn f of shjf t pgui f
tpmvujpot x jui tjo 3β A 1 bsf tvn n bsj–f e0
Ofyux f e f sjwf ui f dpotusbjout po ui f qbsbn fuf st tp ui buui f tpmvujpo dpssf tqpoejoh up )2* jo ubcmf0402
c fdpn f t ui f hmpcbmn jojn vn pgui f qpuf oujbm0 Tjodf ui f pui f s dbtf t )3*.)6* ep opui bwf ef tjsf e qspqf sujf t
- x f sf tusjduui f qbsbn fuf s tqbdf tp ui buui f tf tpmvujpot dbo opuc f b hmpcbmn jojn vn 0 Tjodf v n vtu i bwf
mbshf qptjujwf wbdvvn fyqfdubujpo wbmvf - m211 n vtu c f ofhbujwf0 Jo psef s ui bu ui f wbdvvn f of shz pg )2*
jt mpx f s ui bo ui bu pg )5* -
m222λ1 m
2
11λ34 > 1, )dpt θ
′ A 2*. )4025*
X i f o Fr0)4025* jt tbujtﬂf e boe ui f tpmvujpo )2* epf t f yjtu- pof dbo ti px ui bu ui f wbdvvn f of shz pg
tpmvujpo )4* jt i jhi f s ui bo ui bu pg )2*0 Gvsui f sn psf x i f o m222 > 1- ui f tpmvujpot dpssf tqpoejoh up )3*
boe )6* bsf opu sfbmj–f e0 Ui f o pof dbo tubuf ui f sf hjpo pgqbsbn fuf s tqbdf x i jdi jt dpotjtuf ou x jui ui f
dbtf ui bu ui f wbdvvn )2* c fdpn f t hmpcbmn jojn vn jt-
m211 < 1, m
2




Ofyux f dpotje f s ui f dbtf x jui of hbujwf m2220 Jo ui jt dbtf x f jn qptf ui f beejujpobmdpoejujpo tp ui buui f







Ui f o ui f dpoejujpo gps )2* jt hmpcbmn jojn vn jo ui jt dbtf jt-
m211 < 1, m
2











Jo ui f gpmmpx joh tfdujpot- x f f yqmpsf ui f sf hjpot gps ui f qbsbn fuf st pcubjof e jo Fr0)4026*- Fr0)4028*-
Fr0)403* boe Fr0)404*0
3.2 One loop correction
Jo ui jt tf dujpo- x f e f sjwf ui f f ﬁf dujwf qpuf oujbmx jui jo pof mppq bqqspyjn bujpo0 Ui f tubujpobsz dpoejujpo
x jui sf tqfdu up ui f pse f s qbsbn fuf st e f uf sn jof ui f wbdvvn fyqfdubujpo wbmvf pg ui f I jhht ﬂfme vq up
pof mppq mfwfm0 Ui f o pof dbo bshvf x fbui f s ui f usf f mfwfmwbdvvn jt tubcmf bhbjotu rvbouvn dpssf dujpo0
Npsfpwf s x f dbo rvboujubujwfmz tuvez ui f tj–f pgui f dpssf dujpot0
3.2.1 Eﬀective potential in one loop and renormalization

















T , )i A 2






D−1 A  , M2T , )4029*




m211 ∗ 2 1
















Jo Fr0)4031*- 2)1* bmtp ef opuf t b gpvs cz gpvs voju)–f sp* n busjy0 Jo n pejﬂf e n jojn bmtvcusbdujpo tdi f n f -























Vc ef opuf t ui f dpvouf s uf sn t boe ui f e f sjwbujpo pgVc dbo c f gpvoe jo Bqqf oejy B0
3.2.2 One loop corrections to the vacuum expectation values
Jo ui jt tvctf dujpo- x f dpn qvuf ui f pof mppq dpssf dujpot up ui f wbdvvn fyqfdubujpo wbmvf t0 Vtjoh ui f
tzn n fusz pg ui f n pefm- jo hf of sbm- pof dbo di pptf ϕI A )v, β, α, θ
′* bt ui f wbdvvn fyqfdubujpo wbmvf t
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pg I jhht qpuf oujbm0 Ui f js wbmvf t bsf pcubjof e bt ui f tubujpobsz qpjout pgui f pof mppq dpssf duf e f ﬁfdujwf




Cz ef opujoh ui f wbdvvn fyqfdubujpo wbmvf t bt tvn pgui f usf f mfwfmpof t boe ui f pof mppq dpssf dujpot up




I - x f e f sjwf ui f pof mppq dpssf duf e qbsut0 Ui f e f sjwbujpo jt ti px o jo Bqqf oejy D
X f ti px ui f sf tvmut0
Vtjoh Fr0)D02* boe Fr0)G02*- pof dbo ﬂoe ui f r vbouvn dpssf dujpot gps α boe θ′ wbojti -
α(1) A 1, θ′(1) A 1. )4034*



























































































































}λ1 , λ2 , 7λ3 3λ4 dpt 3β)λ1 , λ2 3)λ3 , λ4**〈v2
, )2 dpt 3β*m211 , )dpt 3β , 2*m
2





























〉7 dpt 3γ)dpt)3β*λ1 tjo2)β*λ2*
, }dpt 3)β , γ* 4 dpt 3)β γ*〈)λ3 , λ4*|v2
, 5 dpt)3γ*m211 5 dpt)3γ*m
2





x i f sf γ jt bo bohmf x jui x i jdi pof dbo ejbhpobmj–f ui f 3 ʷ 3 n btt n busjy gps DQ fwfo of vusbmI jhht0
ubo 3γ jt hjwf o bt-
ubo 3γ A
5m212 , 3 tjo 3β)λ3 , λ4*v
2
}4) λ1 dpt2 β , λ2β*, dpt 3β)λ3 , λ4*〈v2 3)m211 m222*
. )4042*























Ui f bqqspyjn buf gpsn vmbf gps ui f qi ztjdbmI jhht n bttf t jo Fr0)4043* x i jdi bsf wbmje ui f mjn jum12  1-
bhsf f x jui ui f pof t hjwfo jo S f g0 ]2af ydfqu ui f opubujpobmejﬁf sf odf pgmH boe mh
10
Fr0)4036* ti px t ui buui f r vbouvn dpssf dujpo jt bmtp qspqpsujpobmup ui f tpgu csf bl joh qbsbn fuf s m212
x i jdi jt f yqfduf e0 X f bmtp opuf ui bu ui f dpssf dujpo ef qf oet po ui f I jhht n btt tqfdusvn boe rvbsujd
dpvqmjoht0 Ui f dpssfmbujpo up I jhht tqfdusvn jt tuvejf e jo ui f of yu tfdujpo0
3.3 Numerical calculation
Jo ui jt tf dujpo- x f tuvez ui f r vbouvn dpssf dujpo up β boe v ovn f sjdbmmz0 Bt ti px o jo Fr0)4035* boe
Fr0)4036*- ui f r vbouvn dpssf dujpot bsf x sjuuf o x jui gpvs I jhht n bttf t boe ui f gpvs rvbsujd dpvqmjoht0
Tjodf ui f of vusbmDQ fwfo boe DQ pee I jhht pg ui f tf dpoe I jhht epvcmfu bsf e f hf of sbuf bt mA A mh
jo ui f mjn jum12  1 )Tf f Fr0)4043**- ui f ui sf f I jhht n bttf t )mH -mA-mH+* bsf joe f qf oef ou0 Npsfpwf s











λ2 boe λ3 bsf ui f sf n bjojoh qbsbn fuf st up c f ﬂyf e0 Ui f mpx f s mjn ju pgλ3 pcubjof e gspn Fr0)403* boe

















1We denote MH as the standard model like Higgs while in Ref. [1], it is called as Mh.
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Efqf oejoh po ui f tjho pgm222- ui f vqqf s cpvoe boe ui f mpx f s cpvoe pgλ3 dbo c f pcubjof e gps b hjwfo



















, )m222 > 1*. )4048*













, )m222 < 1*. )4049*
λ2 λ3)mH+ A 211* λ3)mH+ A 311* λ3)mH+ A 611*
1025 102: 1027 1029
1039 1039 1039 1039
1067 1052 1058 1058
201 1066 107: 106:
21 209 309 301
Ubcmf 404; Ui f dpvqmjoh dpotubout )λ3- λ2* x i jdi tbujtgz ui f sfmbujpo- Fr0)404: * gps ui f ui sf f e f hf of sbuf
n bttf t mH+ A mA A 211, 311 boe 611)HfW*0
Opx x f tuvez ui f r vbouvn dpssf dujpot ovn f sjdbmmz0 X f ﬂy ui f tuboebse n pefmmjl f I jhht n btt bt
mH A 241)HfW*0Ui f sf bsf tujmmgpvs qbsbn fuf st up c f ﬂyf e boe ui f z bsf λ2- λ3-mA boe mH+0 Gpdvtjoh
po ui f I jhht n btt tqfdusvn pg ui f f yusb I jhht- x f tuvez ui f sbejbujwf dpssf dujpot gps ui f gpmmpx joh
tdf obsjpt gps I jhht tqfdusvn boe ui f dpvqmjoh dpotubout0
3.3.1 Case for mA = mH+; degenerate charged Higgs and pseudscalar Higgs
and a relation for vanishing quantum correction β(1)
X f ﬂstu tuvez ui f dpssf dujpot gps efhf of sbuf di bshf e I jhht boe qtf veptdbmbs I jhht0 Jo ui jt dbtf - gps b
hjwfo efhf of sbuf n btt- pof dbo je f oujgz ui f wbmvf t pgdpvqmjoh dpotubout λ2 boe λ3 gps x i jdi β
(1) wbojti 0
X jui mA A mH+ - ui f sfmbujpo gps dpvqmjoh dpotubout x i jdi tbujtﬂf t β














































⎜ . )404: *
Ui f tf u pg dpvqmjoh dpotubout )λ3, λ4* x i jdi tbujtgz ui f sfmbujpo Fr0)404: * bsf ti px o jo ubcmf 4040 X f
opuf ui bu x i f o λ2 jt bt mbshf bt 21- λ3 jt bu n ptu bcpvu 40 Jgλ2 jt 2- λ3 jt mjf t jo ui f sbohf 1066 1080
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3.3.2 Non-Degenerate case mA L= mH+
Ofyu x f mjgu ui f e f hf of sbdz cz ti jgujoh ui f qtf veptdbmbs I jhht n btt gspn ui f di bshf e I jhht n btt boe
tuvez ui f f ﬁf du po β(1) boe v(1)0 Ui f opo.e f hf of sbdz pg ui f di bshf e I jhht n btt boe ui f qtf veptdbmbs
I jhht n btt jt dpotusbjof e cz ρ qbsbn fuf s0 X f di bohf ui f qtf veptdbmbs I jhht n btt x jui jo ui f sbohf
√mA mH+√< 211)HfW*bmmpx f e gspn ui f fmfdusp.x fbl qsf djtjpo tuvejf t0 Ui f dpvqmjoh dpotubout )λ3, λ2*
bsf di ptf o gspn ui f tf ut pg ui f js wbmvf t tbujtgzjoh ui f sfmbujpo Fr0)404: *0 Jo Gjh0 402- x f ti px β
(1)
β bt
b gvodujpo pgmA x jui di bshf e I jhht n btt mH+ A 211)HfW*0X i f o mA A 211)HfW*- ui f dpssf dujpo
wbojti f t f ybdumz0 Bt x f jodsf btf mA gspn 211)HfW* )ui f n btt pgdi bshf e I jhht*- ui f dpssf dujpo c fdpn f t
opo.–f sp boe jt ofhbujwf0 Ui f dpssf dujpot bsf bu n ptu bcpvu 2.4’ x i f o λ2  20 Cz jodsfbtjoh mA
gvsui f s- x f n f f u ui f qpjou bspvoe bu mA 
 311)HfW* dpssf tqpoejoh up ui bu ui f dpssf dujpo wbojti f t
bhbjo0 Jo Gjh0403- x f tuvez ui f dpssf dujpo β(1) x jui mbshf s di bshf e I jhht n btt dbtf - mH+ A 311)HfW*0
Jo dpousbtu up ui f dbtf gps mH+ A 211)HfW*- cz jodsfbtjoh mA gspn 311)HfW* x i f sf ui f dpssf dujpo
wbojti f t- ju jodsfbtf t boe c fdpn f t qptjujwf0 X f bmtp opuf ui bu ui f dpssf dujpo uf oe up c f mbshf s ui bo ui f
mjhi uf s di bshf e I jhht n btt dbtf 0 X i f o λ2 2- jodsf btjoh ui f qtf veptdbmbs I jhht n btt gspn 311 )HfW*
up 411 )HfW*- ui f dpssf dujpo jt bcpvu21’ 0 Bt ui f qtf veptdbmbs I jhht n btt e f dsf btf t gspn 311 )HfW* up
211 )HfW*- ui f dpssf dujpo c fdpn f t ofhbujwf gps 1 < λ2 < 20 X jui ui f mbshf s wbmvf λ2 A 21- x f n f f u ui f
qpjou bspvoe bumA 
 261)HfW* x i f sf ui f dpssf dujpo wbojti f t bhbjo0 Jo Gjh0404- x f tuvez ui f gvsui f s
mbshf s di bshf e I jhht n btt dbtf - j0f 0- mH+ A 611)HfW*0X jui mA 
 711)HfW*- ui f dpssf dujpo jt qptjujwf
boe bcpvu 211’ 0 Ui f dpssf dujpo tubzt tn bmmgps 1 < λ2 ≥ 2 x i f o e f dsf btjoh mA gspn 611 )HfW* up 511
)HfW*0
Jo Gjht0 402-403- boe 404- x f bmtp ti px ui f dpssf dujpo v
(1)
v bt gvodujpot pgmA0 v
(1) jt joe f qf oef ou po
λ2 boe epf t opu ofdf ttbsjmz wbojti bu ui f tbn f qpjout x i f sf β
(1) wbojti f t0 X jui λ3 ∼ 3 boe mH+ ∼
311)HfW*- x i f o ui f qtf veptdbmbs I jhht n btt jt n vdi mbshf s ui bo ui bu pg di bshf e I jhht n btt- x f ﬂoe
wf sz mbshf dpssf dujpo up v0
2:







Gjhvsf 402; Ui f r vbouvn dpssf dujpo β
(1)
β )hsbz mjof t* boe
v(1)
v )cmbdl mjof t* evf up ui f opo.e f hf of sbdz pg
di bshf e I jhht boe qtf veptdbmbs I jhht n bttf t0 Ui f qtf veptdbmbs I jhht n btt mA)HfW*efqf oef odf pgui f
r vbouvn dpssf dujpot x
(1)
x )x A β, v* jt ti px o x i jmf ui f di bshf e I jhht n btt jt ﬂyf e bt mH+ A 211)HfW*0
Ui f tf u pg qbsbn fuf st )λ3, λ2* bsf di ptf o tp ui bu ui f dpssf dujpo β
(1) wbojti f t gps ui f e f hf of sbuf dbtf=
mH+ A mA A 211)HfW*0Ui f wbmvf t )λ3, λ2* bsf ubl f o gspn Ubcmf 404 boe ui f z bsf )102: - 1025* )tpmje
mjof *- )1039- 1039* )ebti f e mjof *- )1052- 1067* )epuuf e mjof *- )1066- 2*)epu.ebti f e mjof *- boe )209- 21* )ui jdl
tpmje mjof *0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]4a0










Gjhvsf 403; Ui f r vbouvn dpssf dujpo β
(1)
β )hsbz mjof t* boe
v(1)
v )cmbdl mjof t* evf up ui f opo.e f hf of sbdz pg
di bshf e I jhht boe qtf veptdbmbs I jhht n bttf t0 Ui f qtf veptdbmbs I jhht n btt mA)HfW*efqf oef odf pgui f
r vbouvn dpssf dujpot x
(1)
x )x A β, v* jt ti px o x i jmf ui f di bshf e I jhht n btt jt ﬂyf e bt mH+ A 311)HfW*0
Ui f tf u pg qbsbn fuf st )λ3, λ2* bsf di ptf o tp ui bu ui f dpssf dujpo β
(1) wbojti f t gps ui f e f hf of sbuf dbtf=
mH+ A mA A 311)HfW*0Ui f wbmvf t )λ3, λ2* bsf ubl f o gspn Ubcmf 404 boe ui f z bsf )1027- 1025* )tpmje
mjof *- )1039- 1039* )ebti f e mjof *- )1058- 1067* )epuuf e mjof *- )107: - 2* )epu.ebti f e mjof *- boe )309- 21* )ui jdl
tpmje mjof *0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]4a0
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Gjhvsf 404; Ui f r vbouvn dpssf dujpo β
(1)
β )hsbz mjof t* boe
v(1)
v )cmbdl mjof t* evf up ui f opo.e f hf of sbdz pg
di bshf e I jhht boe qtf veptdbmbs I jhht n bttf t0 Ui f qtf veptdbmbs I jhht n btt mA)HfW*efqf oef odf pgui f
r vbouvn dpssf dujpot x
(1)
x )x A β, v* jt ti px o x i jmf ui f di bshf e I jhht n btt jt ﬂyf e bt mH+ A 611)HfW*0
Ui f tf u pg qbsbn fuf st )λ3, λ2* bsf di ptf o tp ui bu ui f dpssf dujpo β
(1) wbojti f t gps ui f e f hf of sbuf dbtf=
mH+ A mA A 611)HfW*0Ui f wbmvf t )λ3, λ2* bsf ubl f o gspn Ubcmf 404 boe ui f z bsf )1029- 1025*)tpmje
mjof *- )1039- 1039* )ebti f e mjof *- )1053- 1067* )epuuf e mjof *- )106: - 2* )ep.uebti f e mjof *- boe )3- 21*)ui jdl
tpmje mjof *0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]4a0
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3.3.3 Quantum correction and dependence on Higss mass spectrum
Rvbouvn dpssf dujpot v(1) boe β(1) jo Fr0)4035*boe Fr0)4036* ef qf oef odf po I jhht n bttf t boe λi)i A
25*0 λ1 boe λ4 bsf e f uf sn jof e cz Fr0)4045*0 Tp x f di bohf ui f qbsbn fuf st )mA,mH+ , λ2, λ3* x jui jo
ui f sf hjpo x i jdi tbujtﬂf t ui f dpoejujpot Fr0)4048* boe Fr0)4049*0 X f opuf ui bu v(1) epf t opu ef qf oe po
λ20 Jo Gjh0405 boe Gjh0406- x f tuvez ui f sf hjpo pg I jhht n bttf t boe ui f r vbsujd dpvqmjoht x i jdi mfbe up
ui f tn bmmsbejbujwf dpssf dujpot up ui f I jhht WFWt0
Jo Gjh0405- x f ti px ui bu ui f ux p ejn f otjpobmtvsgbdf x i jdi dpssf tqpoet up v(1) A 10 X f ﬂoe ui bu
ui f jouf sjps pgui f tvsgbdf dpssf tqpoet up ui f sf hjpo pgui f qptjujwf dpssf dujpo=v(1) > 1 x i jmf ui f f yuf sjps
sf hjpo pgui f tvsgbdf dpssf tqpoet up ui f of hbujwf dpssf dujpo=v(1) < 10
Jo Gjh0406- x f i bwf ti px o ui f sf hjpot pg)mH+ ,mA* x i jdi dpssf tqpoe up ui buui f dpssf dujpot pg
(((v(1)v (((
boe
(((β(1)β ((( i bwf ui f e f ﬂojuf wbmvf t )1- 1012- 102*0 Ui f ebsl hsf z ti bef e bsf b dpssf tqpoet up ui f sf hjpo
x i f sf cpui v(1) boe β(1) dbo wbojti x jui ubl joh bddpvoupgui f dpoejujpot=Fr0)402*- Fr )403*boe Fr0)404*0
X f opuf ui bu gps mH+ ,mA > 311)HfW*- ui f r vbouvn dpssf dujpot wbojti bspvoe ui f sf hjpo x i f sf ui f
di bshf e I jhht efhf of sbuf t x jui ui f qtf veptdbmbs I jhht0 X i f o ui f dpssf dujpot c f dpn f mbshf s- ui f mbshf s
n btt tqmjuujoh pg ui f qtf veptdbmbs I jhht boe di bshf e I jhht jt bmpx f e0 I px fwf s bt ui f bwf sbhf n btt pg
ui f di bshf e I jhht boe qtf veptdbmbs I jhht jodsfbtf t- ui f bmpx f e n btt tqmjuujoh c fdpn f t tn bmmf s0
Gjhvsf 405; Ui f ux p ejn f otjpobmtvsgbdf gps v(1) A 10
Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]4a0












Gjhvsf 406; Ui f sf hjpot pg )mH+ ,mA* x i jdi dpssf .
tqpoe up
)(((v(1)v (((,(((β(1)β ((((A )1, 1*- )ebsl hsf z*- )1012-
1012* )hsf z*- boe )102- 102* )mjhi u hsf z*0 X f i bwf




Charged Higgs and Neutral Higgs
pair production of weak gauge
bosons fusion process in e+e
collision
Tp gbs x f i bwf gpdvtf e po ui f ui f psf ujdbmjttvf gps ui f I jhht tf dups pgui f n pefm0 Jo ui jt di bquf s- x f tuvez
qi f opn f opmphjdbmbtqfdu pg ui f n pefmcz gpdvtjoh i px up qspc f ui f f yusb I jhht epvcmfu0 Cfdbvtf ui f
tjohmf I jhht qspevdujpo jt tvqqsf ttf e cz b ujoz wbdvvn fyqfdubujpo wbmvf - x f tuvez ui f qbjs qspevdujpo pg
ui f I jhhtf t ui spvhi hbvhf cptpo gvtjpo qspdf tt0 Up c f sf bmjtujd- x f tuvez ui f I jhht cptpo qbjs qspevdujpo
jo fmfduspo boe qptjuspo dpmmjtjpot cz l f f qjoh ui f gvuvsf mjofbs dpmmjef s )JMD* jo pvs n joe0 Ui f qbsu pg
di bquf s jt cbtf e po ui f tuvez pgS f g0]5a0
4.1 Cross section of e, + e  ν¯+ e +W , ±+Z± ν¯+ e +H , +A
Jo ui jt tf dujpo- x f qsf tf ou ui f gpsn vmb gps ui f dsptt tf dujpo pg e+ , e−  ”ν , e− , W+∗ , Z∗ 
”ν , e− , H+ , A0 )Tf f Gjh0502*0 X f efﬂof -
σH+X ≤ σ)e+ , e−  ”νe , e− , H+ , X*=X A A, h. )502*
















√M√2)3π*δ4)pe+ , pe qH+ qA qe qν¯*. )503*
se+e− jt ui f df ouf s.pg.n btt )dn * f of shz pg ui f e
+ boe e− dpmmjtjpo0 pe+ boe pe ef opuf ui f n pn f oub pg
ui f qptjuspo boe fmfduspo pg ui f jojujbmtubuf 0 qe- qH+ - qA- boe qν¯ bsf ui f n pn f oub pg ui f ﬂobmtubuf t-
34
Gjhvsf 502; Gf zon bo ejbhsbn pg di bshf e I jhht H+ boe DQ pee I jhht B qspevdujpo jo e+e− dpmmjtjpo0
Ui f qspevdujpo pddvst ui spvhi W+ boe Z gvtjpo x i jdi jt ti px o jo ui f djsdmf0 Ui jt ﬂhvsf x bt sf qspevdf
gspn S f g0]5a0
j0f 0- fmfduspo- di bshf e I jhht- of vusbmI jhht- boe bouj.of vusjop sf tqfdujwfmz0 Ui f usbotjujpo bn qmjuvef M















ν)L , 3 tjo2 θW *u)pe*ve+)pe+*γ
μLvν¯)qν¯*. )504*
x i f sf pZ A pe qe boe pW A qH+ , qA qZ0 L ef opuf t ui f di jsbmqspkfdujpo L A
1−γ5
2 0 tjo θW )dpt θW *




ν  A, H+
qspevdujpo0 Ui jt dpssf tqpoet up ui f djsdmf jo Gjh0502 boe ui f Gf zon bo ejbhsbn t x i jdi dpousjcvuf up TAμν
bsf ti px o jo Gjh0503 Gjh05060 Ui f tf dpoe.sbol uf otps TAμν jt hjwf o bt-
Tμν A iTAμν A
g2
3 dpt θW
)aAgμν , dAqAν qH+μ , bAqH+νqAμ*, )505*











































Gjhvsf 503; Dpoubdu jouf sbdujpo Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]5a0
Gjhvsf 504; T di boofmW f y.
di bohf Ui jt ﬂhvsf x bt sf qsp.
evdf gspn S f g0]5a0
Gjhvsf 505; V di boofm
Gjhvsf 506; U di boofmUi jt
ﬂhvsf x bt sf qspevdf gspn
S f g0]5a0
x jui tA A )qH+ pW *
2-uA A )pW qA*
2 boe sH+A A )qH+ , qA*
20 Ui f tqjo.bwf sbhf e bn qmjuvef trvbsf e

















x i f sf Lνρee jt b mfqupojd uf otps pgui f of vusbmdvssf ou boe L
μσ
e+ν¯ jt ui bu pgui f di bshf e dvssf ou0 Ui f z bsf






Sνσee A )3 , 9 tjo






νσpe ×qe , pσe qνe *





















75 dpt2 θW se+s−
2
51: 7π8
(((( 2))pe qe*2 M2Z*))pe+ qν¯*2 M2W *
((((
2
∗ )TμνSνσee T tσρSρμe+ν¯ , TμνAνσee T tσρAρμe+ν¯*d12Ph, )50: *







δ4)pe+ , pe qe qν¯ qH+ qA*. )5021*
Jo ui f df ouf s.pg.n btt gsbn f pgui f e+e− dpmmjtjpo- ui f bn qmjuvef jt joe f qf oef oupgui f spubujpo bspvoe
ui f c f bn byjt0 Pof dbo bmtp tfu ui f e jsf dujpo pg ui f e+ c fbn up ui f – e jsf dujpo boe ui f n pn f ouvn pg
ui f fmfduspo jo ui f ﬂobmtubuf t up ui f z– qmbof0 Ui f sf gpsf - bguf s pof joufhsbuf t ui f b–jn vui bmbohmf boe
ui f bouj.of vusjop n pn f ouvn - pof pcubjot d8Ph bt-









se+e− EH+ EA Ee Eν¯*. )5022*
Ui f n pn f ouvn pgui f fmfduspo qe jo ui f ﬂobmtubuf t jt tqfdjﬂf e cz b qpmbs bohmf )θe* jo ui f psui phpobm










qe A √qe√)tjo θe e2 , dpt θe e3*
e1 A e2 ∗ e3. )5023*




√qe√A tjo θe e2 , dpt θe e3
e2
′ A tjo θe e3 , dpt θe e2
e1
′ A e1. )5024*
θeH boe φeH ef opuf ui f n pn f ouvn ejsf dujpo pgui f di bshf e I jhht sfmbujwf up ui bupgui f fmfduspo jo ui f
ﬂobmtubuf 0
qH+ A √qH+√)tjo θeH dptφeH e1′ , tjo θeH tjo φeH e2′ , dpt θeH e3′*. )5025*
Gjobmmz )θeHA-φeHA* ef opuf ui f e jsf dujpo pg n pn f ouvn gps ui f of vusbmI jhht B0 θeHA jt b qpmbs bohmf
n fbtvsf e gspn ui f e jsf dujpo qe , qH+0







, e2%A e3%∗ e1%. )5026*
37
Jo uf sn t pgui f bohmf t ef ﬂof e- ui f qi btf tqbdf joufhsbujpo jt x sjuuf o-









s EH+ EA Ee Eν¯*
Eν¯ A √qe , qH+√2 , q2A , 3 dpt θeHAqA√qe , qH+√, )5027*
x i f sf x f e f opuf qA A √qA√-qH+ A √qH+√boe qe A √qe√0 Ui f joufhsbujpo pwf s ui f wbsjbcmf dpt θeHA jt
dbssjf e pvu boe x f pcubjo-










((√qe , qH+√ qA((*θ)√qe , qH+√, qA E0ν¯*, )5028*
x i f sf -
E0ν¯ A
†
se+e− Ee EA EH+ . )5029*
Ui f tuf q gvodujpot jo Fr0)5028* jn qmz qi btf tqbdf cpvoebsjf t0 Vtjoh Fr0)5028*- ui f e jﬁf sf oujbmdsptt
tf dujpo jt-
d7σH+A






























((√qH+ , qe√ qA((*θ)√qH+ , qe√, qA E0ν¯*. )502: *
X f dbssz pvu ui f sf tu pg joufhsbujpo ovn f sjdbmmz0
4.2 Numerical results
Jo ui jt tf dujpo- x f qsf tf ou ui f ovn f sjdbmsf tvmut gps ui f dsptt tf dujpot0 X f i bwf tuvejf e ui sf f tf ut pg
di bshf e I jhht boe of vusbmI jhht n bttf t-
)mH+ ,mA*A )411, 311*, )311, 411*, )311, 311*)GeV *. )5031*
Gps ui f tf joqvuwbmvf t pgdi bshf e I jhht boe of vusbmI jhht n bttf t- ui f sbejbujwf dpssf dujpot up ui f WFWt-
β- boe v- bsf x jui jo 21’ 0
X f i bwf dbssjf e pvu ui f qi btf tqbdf joufhsbujpot cz vtjoh ui f N pouf Dbsmp qsphsbn - CBTFT ]31a0
X f f yqmbjo ui f pvumjof pgui f GPSUSBO qsphsbn x i jdi jt vtf e gps ovn f sjdbmdbmdvmbujpo pgFr0)502: *0
Ui f qsphsbn jt e jwje f e joup ui sf f qbsut0
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IE
*H9
Gjhvsf 507; Ui f hbvhf cptpo qbjs qspevdujpo dsptt tf dujpo )σWZ* gps e
+ , e−  W+ , Z , ”νe , e−
)tpmje mjof * boe ui f I jhht qbjs qspevdujpo dsptt tf dujpot )σH+A* gps e
+ , e−  H+ , A , ”νe , e−0 Ui f
i psj–poubmbyjt e f opuf t df ouf s.pg.n btt f of shz-
†
se+e−)GeV *- pgui f e
+e− dpmmjtjpo0 Ui f mpoh ebti f e mjof
x jui ui f dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)GeV *0 Ui f epuuf e mjof x jui
ui f cpyf t  dpssf tqpoet up )mH+ ,mA* A )411, 311*)GeV * boe ui f ti psu ebti f e mjof x jui btuf sjtl t +
dpssf tqpoet up )mH+ ,mA*A )311, 411*)GeV *0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]5a0
30 Ui f joufhsboe jt e f ﬂof e bt bo f yuf sobmgvodujpo0
40 Ui f sf bsf n boz tvcspvujof qsphsbn t x i jdi bsf vtf e up dpn qvuf ui f joufhsboe jo uf sn t pg ui f
joufhsbujpo wbsjbcmf t0
X f ti px o ui f upubmdsptt tf dujpot σH+A x jui sf tqfdu up ui f df ouf s.pg.n btt f of shz
†
se+e− pg ui f
















dqH+ , ΦqH+ A 61)GeV * )5033*
Φσ3H+A)dpt θe* A




d dpt θe, Φθe A 1.3 )5034*
Φσ4H+A)dpt θeH* A
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IE
*H9
Gjhvsf 508; Ui f e jﬁf sf oujbmdsptt tf dujpot Φσ1H+A boe Φσ1WZ bt gvodujpot pgui f n pn f ouvn qe)HfW*
gps ui f ﬂobmtubuf fmfduspo0 X f i bwf di ptf o ui f x jeui pg fbdi c jo bt Φqe A 61)HfW*0 Ui f tpmje mjof
n bsl f e x jui ui f qmvt tjho , dpssf tqpoet up e+ , e−  W+ , Z , νe , e−0 Ui f pui f s mjof t e f opuf
ui f ui sf f dbtf t gps e+ , e−  H+ , A , νe , e−0 Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm
∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f cpyf t=
dpssf tqpoet up )mH+ ,mA*A )411, 311*)HfW*boe ui f ti psuebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet
up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111 )HfW*0Ui jt ﬂhvsf x bt sf qspevdf
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IE
*H9
Gjhvsf 509; Ui f e jﬁf sf oujbmdsptt tf dujpo Φσ2H+A x jui sf tqfdu up ui f di bshf e I jhht n pn f ouvn qH+0
Ui f i psj–poubmbyjt e f opuf t qH+ )HfW*0 Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm∗ dpssf .
tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f cpyf t= dpssf .
tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet
up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe ui f x jeui pg fbdi c jo
)ΦqH+* jt 61 )HfW*0 Gps dpn qbsjtpo- x f bmtp ti px ui f tpmje mjof x jui ui f qmvt tjho , gps W,Z qbjs
qspevdujpo dsptt tf dujpo- Φσ2WZ bt b gvodujpo pgui f n pn f ouvn pgX cptpo jo ﬂobmtubuf qW )HfW*0Gps
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IE
FRVθH
Gjhvsf 50: ; Ui f e jﬁf sf oujbmdsptt tf dujpot Φσ3H+A gps e
+ , e−  H+ , A , νe , e− x jui sf tqfduup dpt θe
x i f sf θe ef opuf t ui f bohmf c fux f f o ui f ﬂobmfmfduspo n pn f ouvn boe ui f jojujbmqptjuspo n pn f ouvn 0
Ui f mpoh ebti f e mjof n bsl f e x jui dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA*A )311, 311*)HfW*0
Ui f epuuf e mjof n bsl f e x jui ui f cpyf t= dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu
ebti f e mjof n bsl f e cz btuf sjtl t ±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0 Ui f df ouf s pg n btt
f of shz jt 2111)HfW* boe ui f x jeui pg fbdi c jo )Φ dpt θe* jt 1030 Gps dpn qbsjtpo- x f ti px ui f dsptt
tf dujpo Φσ3WZ pgui f qspdf tt e
+ , e−  W+ , Z , νe , e− x jui tpmje mjof 0 X f vtf ui f gpsn vmb gps ui f
W , Z  W , Z tdbuuf sjoh jo S f g0 ]32a0 Ui f df ouf s.pg.n btt f of shz pge+e− dpmmjtjpo jt 2111)HfW*0Ui jt
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IE
FRVθH+FRVθH:
Gjhvsf 5021; Ejﬁf sf oujbmdsptt tf dujpot gps Φσ4H+A boe Φσ4WZ0 Ui f i psj–poubmbyjt dpssf tqpoet up
dpt θeH boe dpt θeW 0 θeH)θeW * jt bo bohmf c fux f f o ui f n pn f ouvn pg ui f ﬂobmfmfduspo boe ui f pof pg
ui f di bshf e I jhht cptpo )W cptpo*0 Ui f tpmje mjof n bsl f e x jui ui f qmvt tjho , dpssf tqpoet up WZ
qspevdujpo0 Ui f pui f s ui sf f mjof t bsf I jhht qbjs qspevdujpo0 Bn poh ui f n - ui f mpoh ebti f e mjof n bsl f e
x jui ui f dsptt tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA*A )311, 311*)HfW*0Ui f epuuf e mjof n bsl f e
x jui ui f cpyf t= dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz
btuf sjtl t ±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe
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IE
φH+φH:
Gjhvsf 5022; Ejﬁf sf oujbmdsptt tf dujpot Φσ5H+A boe Φσ5WZ0 Ui f i psj–poubmmjof e f opuf t ui f b–jn vui bm
bohmf t φeH boe φeW )sbejbo*0 Ui f tpmje mjof n bsl f e x jui ui f qmvt tjho , dpssf tqpoet upWZ qspevdujpo0
Ui f pui f s ui sf f mjof t bsf I jhht qbjs qspevdujpo0 Bn poh ui f n - ui f mpoh ebti f e mjof n bsl f e x jui dsptt
tzn cpm∗ dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 311*)HfW*0 Ui f epuuf e mjof n bsl f e x jui ui f
cpyf t= dpssf tqpoet up )mH+ ,mA* A )411, 311*)HfW* boe ui f ti psu ebti f e mjof n bsl f e cz btuf sjtl t
±dpssf tqpoet up )mH+ ,mA* A )311, 411*)HfW*0Ui f df ouf s.pg.n btt f of shz jt 2111)HfW* boe ui f c jo
x jeui t=ΦφeH boe ΦφeW bsf
π










Gps dpn qbsjtpo- x f i bwf bmtp dpn qvuf e ui f hbvhf cptpo qspevdujpo dsptt tf dujpo0 X f vtf e ui f
gpsn vmb jo S f g0 ]32agps W , Z  W , Z tdbuuf sjoh bn qmjuvef 0
σWZ ≤ σSM )e+ , e−  ”νe , e− , W+ , Z*. )5037*
X f qmpuσWZ jo Gjh0507 bt x fmmbt ui f e jﬁf sf oujbmpof t- ΦσiWZ)i A 26* gps ui f x f bl hbvhf cptpo qbjs
)W+ boe Z*qspevdujpo jo ui f tuboebse n pefm; tf f Gjh0508Gjh050220 Ui jt dbo c f b cbdl hspvoe qspdf tt
up I jhht qbjs qspevdujpo0 Fyqmjdjumz- x f x sjuf ui f e jﬁf sf oujbmdsptt tf dujpo ΦσiWZ)i A 2 6*- x i jdi jt












dqW , Φ qW A 61)GeV * )5039*
Φσ3WZ)dpt θe* A




d dpt θe, Φθe A 1.3 )503: *
Φσ4WZ)dpt θeW * A















X f tvn n bsj–f x i bu pof dbo sfbe gspn ui f tf dsptt.tf dujpo ﬂhvsf t )Gjh0507 Gjh05022* bt gpmmpx t0
≡Ui f upubmdsptt tf dujpo gps I jhht qbjs qspevdujpo σH+A jodsf btf t bt ui f df ouf s.pg.n btt f of shz pg
ui f e+e− dpmmjtjpo hspx t voujmju sfbdi f t up 3111 )HfW*0Fwfo jo ui f dbtf gps ui f mjhi uf tu I jhht qbjs
n bttf t ui bux f i bwf di ptf o- ui f dsptt tf dujpo jt bun ptu10112 gc0 Dpn qbsf e x jui hbvhf cptpo qbjs
qspevdujpo σWZ- ui f sbujp
σH+A
σWZ
jt pgui f pse f s pg21−30
≡Ui f e jﬁf sf oujbmcsbodi joh gsbdujpot x jui sf tqfduup ui f fmfduspo n pn f ouvn jo ﬂobmtubuf t boe x jui
sf tqfduup ui f di bshf e I jhht tqfdusvn bsf mjn juf e cz qi btf tqbdf boe- gps mjhi uf s I jhht qbjs n bttf t-
ui f n pn f ouvn pgui f fmfduspo jt mbshf s0
≡Ui f e jtusjcvujpo pg ui f e jsf dujpo pg ui f fmfduspo jo ui f ﬂobmtubuf t qfbl t tuspohmz bu dpt θe A 20
Ui jt jn qmjf t ui bu ui f fmfduspo jt tdbuuf sf e jo ui f gpsx bse ejsf dujpo x jui sf tqfdu up ui f jodpn joh
fmfduspo0 Ui jt i bqqf ot c f dbvtf ui f wjsuvbmjuz pgui f Z∗ cptpo jt n jojn j–f e jo ui jt dbtf 0
≡ S fhbsejoh ui f b–jn vui bmφeH bohmf ejtusjcvujpot- x f ﬂoe ui bu ui f di bshf e I jhht n pn f ouvn jt
n psf mjl fmz up mjf x jui jo ui f sbohf 1 ≥ φeH ≥ π ui bo jo π ≥ φeH ≥ 3π0
4.3 The signature of charged Higgs and neutral Higgs pair pro-
duction
Bt x f i bwf tf f o gspn ui f tuvejf t pg ui f qsfwjpvt tf dujpo- ui f dsptt tf dujpo boe ui f e jﬁf sf oujbmdsptt
tf dujpot pg ui f I jhht qbjs qspevdujpo bsf n vdi tn bmmf s ui bo hbvhf cptpo qbjs qspevdujpo0 Dpotje f sjoh
ui jt tn bmmof tt- pof n bz x poef s jg tvdi I jhht qbjs qspevdujpo boe jut e f dbzt i bwf ejtujodu tjhobmt0 I f sf
x f dpotje f s ui f di bshf e mfqupo ¯bwps ef qf oef odf pgui f di bshf e I jhht efdbzt joup bo bouj.mfqupo boe b
ofvusjop0 Opuf ui buui f epn jobouofvusbmI jhht efdbz di boofmjt b of vusjop boe bouj.of vusjop qbjs x i f o
ui f of vusbmI jhht boe di bshf e I jhht bsf e f hf of sbuf bt √mA mH+√< mW 0 X f tuvez ui f e f hf of sbuf
dbtf 0 Jo ui jt dbtf - ui f of vusbmI jhht efdbz qspevdut bsf jowjtjcmf boe ui f wjtjcmf efdbz qspevdu jt b
di bshf e bouj.mfqupo l+ gspn ui f di bshf e I jhht efdbz0 Ui f sf gpsf - ui f x i pmf qspdf tt tubsujoh gspn ui f
e+e− dpmmjtjpo up I jhht efdbzt mppl t mjl f -
e+ , e−  ”νe , e− , H+ , A
 ”νe , e− , l+νl , νk ”νk. )5043*
Pof ﬂoet ui f tbn f ﬂobmtubuf bt jo Fr0)5043* jo ui f hbvhf cptpo qbjs qspevdujpo qspdf tt pge+e− dpmmjtjpo
bt gpmmpx t0 Cz sf qmbdjoh ui f di bshf e I jhht cptpo x jui b W+ cptpo boe ui f of vusbmI jhht cptpo A x jui
b Z cptpo jo Fr0)5043*- ui f e f dbz di boofmt Z  νk ”νk boe W+  l+νl mfbe up ui f tbn f ﬂobmtubuf bt
ui bu pgFr0)5043*0
e+ , e−  ”νe , e− , W+ , Z
 ”νe , e− , l+νl , νk ”νk. )5044*
Tjodf Fr0)5044* i bt b dpn n po ﬂobmtubuf x jui Fr0)5043*- ui f z mppl joejtujohvjti bcmf0 I px fwf s bt qpjouf e
jo S f g0 ]2a- ui f csbodi joh gsbdujpo pgui f di bshf e I jhht efdbz joup bouj.mfqupo jt ¯bwps opo.vojwf stbmboe
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Σ+ $ Σ+ K
Σ:=
Gjhvsf 5023; Ui f sbujp pg ui f dsptt tf dujpot pg I jhht qbjs qspevdujpo boe hbvhf cptpo qbjs qspevdujpo=
σH+A+σH+h
σW+Z
bt gvodujpot pg df ouf s.pg.n btt f of shz pg e+e−dpmmjtjpo=
†
se+e−)HfW*0Ui f tpmje mjof dpssf .
tqpoet up ui f dbtf gps )mH+ ,mA* A )411, 311*)HfW*0 Ui f ebti f e mjof dpssf tqpoet up ui f e f hf of sbuf
dbtf - mA A mH+ A 311)HfW*0Ui f epuuf e mjof dpssf tqpoet up ui f dbtf )mH+ ,mA* A )311, 411*)HfW*0
Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]5a0
ef qf oet po ui f mfqupo gbn jmz0 Ju jt x sjuuf o jo uf sn t pg ui f of vusjop n jyjoh boe n bttf t x i jdi qsf djtf
ebub fydfqu mjhi uf tu of vusjop n btt boe DQ wjpmbujoh qi btf jt opx bwbjmbcmf0 Tjodf ui f X cptpo efdbz
joup bouj.mfqupo jt ¯bwps.cmjoe- x f tuvez ui f mfqupo ¯bwps ef qf oef odf pgdi bshf e I jhht efdbz cz ubl joh




X=h,A σH+XBr)X  ν”ν*
σWZBr)Z  ν”ν*
Br)H+  l+νl*
Br)W+  l+νl*, )5045*
x i f sf x f vtf ui f ti psui boe opubujpo- Br)X  ν”ν* A ∑k Br)X  νk ”νk*- gps X A h,A,Z0 Vtjoh ui f







Br)W+  l+νl*, )5046*
x i f sf x f vtf ui f gbduui buui f qspevdujpo dsptt tf dujpot gps DQ.fwfo boe DQ.pee I jhht x jui V)2* di bshf
bsf bmn ptu je f oujdbmup fbdi pui f s- j0f 0- σH+A 
 σH+h )tf f Bqqf oejy H*0 X f bmtp vtf ui f csbodi joh
gsbdujpot ui bu tbujtgz-
Br)A  ν”ν*A Br)h  ν”ν*A 211’ . )5047*
X f ti px ui f sbujp pg ui f dsptt tf dujpot pg I jhht qbjs qspevdujpo boe hbvhf cptpo qbjs qspevdujpo jo
Gjh050230 X i f o I jhht n bttf t bsf e f hf of sbuf mA A mH+ A 311)HfW*- ui f sbujp pg ui f dsptt tf dujpo jt
bcpvu 2.5 ∗ 21−3 gps † se+e− A 2111)HfW*0Jo x i bu gpmmpx t- x f vtf ui jt wbmvf bt b c f odi n bsl qpjou gps
ui f sbujp pgui f dsptt tf dujpot jo Fr0)5046*0 Ui f pui f s csbodi joh gsbdujpot x i jdi bqqfbs jo Fr0)5046* bsf
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rvpuf e gspn ui f Qbsujdmf Ebub Hspvq )QEH* ]33a-
Br)W+  τ+ν* A 22.36 • 1.31’
Br)W+  μ+ν* A 21.68 • 1.26’
Br)W+  e+ν* A 21.86 • 1.24’
Br)Z  ν”ν* A 31.11 • 1.17’ .
)5048*
Vtjoh ui f ovn f sjdbmwbmvf t- pof dbo x sjuf rl)l A e, μ, τ* bt-
re A 1.576 ∗ Br)H+  e+ν*3σH+A
σWZ
rμ A 1.584 ∗ Br)H+  μ+ν*3σH+A
σWZ
rτ A 1.555 ∗ Br)H+  τ+ν*3σH+A
σWZ
, )5049*
x i f sf Br)H+  lν* jo ’ ti pvme c f tvctujuvuf e0 Ui f di bshf e I jhht dbo efdbz joup di bshf e mfqupot boe
of vusjop0 Jo dpousbtuup ui f mfqupojd efdbz pgX cptpo- ui f csbodi joh gsbdujpot gps fbdi ¯bwps pgdi bshf e









∗ 211’ , )504: *
x i f sf V jt ui f N bl jʕObl bhbx bʕTbl bub )NOT* n busjy )3024*- X f vqebuf ui f csbodi joh gsbdujpo up
fbdi mfqupo ¯bwps n pef vtjoh ui f sf df ou sf tvmut po √Ve3√0 Efqf oejoh po n btt i jf sbsdi jf t pg of vusjopt-
x f x sjuf ui f csbodi joh gsbdujpo pgFr0)504: *0





Jo ui jt dbtf - m21 ef opuf ui f mjhi uf tu of vusjop n btt0










∗ 211’ , )5051*
















Jo ui jt dbtf - m23 ef opuf ui f mjhi uf tu of vusjop n btt0










∗ 211’ , )5052*











X f i bwf vtf e ui f wbmvf t gps ui f n jyjoh bohmf t boe n btt.tr vbsf e e jﬁf sf odf t rvpuf e gspn Ubcmf 502 ]33a
Jo Gjh05024- x f ti px rl A )l A e, μ, τ* gps ui f opsn bmi jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu
of vusjop n btt m10 Jo Gjh05025- x f ti px rl gps ui f jowf suf e i jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu
of vusjop n btt m30 Bt x f dbo tf f gspn Gjh05024 boe Gjh05025- x f dbo fyqfdu 3’  4’ mfqupo ¯bwps
ef qf oef odf gspn di bshf e I jhht efdbz0 X f tvn n bsj–f ui f ¯bwps ef qf oef odf bt gpmmpx t-
45
Qbsbn fuf s c f tu.ﬂu)• 2σ* 4σ
Φm2sol]21
−5eV 2a 8.69+0.22−0.26 70: : .9029










Ubcmf 502; tjo2 θ12 A 1.417, tjo
2 θ23 A 1.53, tjo
2 θ13 A 1.132,m
2
atm A 3.46 ∗ 21−3)eV 2* boe m2sol A
8.69 ∗ 21−5)eV 2*0 Ui f tvctdsjqut (tpm( boe (bun ( gps ui f n btt trvbsf e e jﬁf sf odf t jn qmz tpmbs ofvusjopt
boe bun ptqi f sjd of vusjopt sf tqfdujwfmz0










Gjhvsf 5024; rl)l A e, μ, τ* gps ui f opsn bmi jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu of vusjop n btt
m1)eV *0 Ui f epuuf e mjof dpssf tqpoet up re- ui f ebti f e mjof dpssf tqpoet up rμ boe ui f tpmje mjof dpssf .
tqpoet up rτ0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]5a0
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Gjhvsf 5025; rl)l A e, μ, τ* gps ui f jowf suf e i jf sbsdi jdbmdbtf bt gvodujpot pg ui f mjhi uf tu of vusjop n btt
m3)eV *0 Ui f epuuf e mjof dpssf tqpoet up re- ui f ebti f e mjof dpssf tqpoet up rμ boe ui f tpmje mjof dpssf .
tqpoet up rτ0 Ui jt ﬂhvsf x bt sf qspevdf gspn S f g0]5a0
≡Gps ui f opsn bmi jf sbsdi jdbmdbtf - gps 1 ≥ m1 ≥ 1.16)fW*- rτ > rμ → re0 Gps mbshf s m1 vq up 103
fW- rμ re rτ A 1.130




Jo ui jt qbqf s- I jhht tf dups pg ui f Ejsbd ofvusjop n btt n pefmpg Ebwjetpo boe Mphbo jt tuvejf e0 X f
f yuf otjwfmz tuvez cpui ui f psf ujdbmbtqfduboe qi f opn f opmphjdbmbtqfdu0 Jo ui f n pefm- pof pgui f wbdvvn
fyqfdubujpo wbmvf t pgux p I jhht epvcmfut jt wf sz tn bmmboe juc fdpn f t ui f psjhjo pgui f n btt pgof vusjopt0




Ui f sf gpsf ubo β jt wf sz tn bmmboe uzqjdbmmz ju jt O)21−9*0 Ui f tn bmmof tt pg ubo β jt hvbsbouf f e cz ui f
tn bmmof tt pgui f tpgu csf bl joh uf sn pgV)2* ˄ 0
Up tvn n bsj–f pvs sf tvmut- x f ti px ui f sf jt b qbsbn fuf s tqbdf jo x i jdi ui f WFWt pgui f ux p I jhht bsf
tubcmf bhbjotu ui f sbejbujwf dpssf dujpo0 X f bmtp tuvez bo fyqf sjn f oubmtjhobuvsf pg ui f n pefm=di bshf e
mfqupo ¯bwps ef qf oef odf pg ui f di bshf e I jhht efdbz- x i jdi gpmmpx t gspn ui f qbjs qspevdujpo pg ui f
di bshf e boe ui f of vusbmI jhhtf t jo fmfduspo boe qptjuspo dpmmjtjpot0 Npsf e f ubjmt pg ui f tvn n bsjf t boe
ejtdvttjpot bsf hjwfo c fmpx 0
X f i bwf usfbuf e ui f tpgu csf bl joh uf sn bt qf suvscbujpo boe dbmdvmbuf e ui f wbdvvn fyqfdubujpo pg
I jhht jo ui f mfbejoh psef s pg ui f qf suvscbujpo qsfdjtfmz0 Gps usf f mfwfm- ui f hmpcbmn jojn vn jt ui f dbtf
)2* pgUbcmf 4020 Ui f o pof dbo tubuf ui f sf hjpo pg qbsbn fuf s tqbdf x i jdi jt dpotjtuf ou x jui ui f dbtf jt
Fr0)4026* ps Fr0)4028*0
Cf zpoe ui f usf f mfwfm- x f tuvez ui f r vbouvn dpssf dujpo up ui f wbdvvn fyqfdubujpo wbmvf t boe ubo β
jo b rvboujubujwf x bz0 Jo pof mppq mfwfm- x f dpoﬂsn f e ui bu usf f mfwfmwbdvvn jt tubcmf - j0f 0- ui f pse f s
qbsbn fuf st x i jdi wbojti bu usf f mfwfmep opu i bwf ui f wbdvvn fyqfdubujpo wbmvf bt rvbouvn dpssf dujpo0
Jo pof mppq mfwfm- x f e f sjwf ui f f ybdu gpsn vmb gps ui f r vbouvn dpssf dujpo up β jo ui f mfbejoh psef s pg
f yqbotjpo pg ui f tpgu csf bl joh qbsbn fuf s m120 X f i bwf dpoﬂsn f e opu pomz ui bu ui f mppq dpssf dujpo
up ubo β jt qspqpsujpobmup ui f tpgu csf bl joh uf sn cvu bmtp gpvoe ui bu ui f dpssf dujpo ef qf oet po ui f
I jhht n btt tqfdusvn boe tpn f dpn cjobujpo pg ui f r vbsujd dpvqmjoh dpotubout pg ui f I jhht qpuf oujbm0
Ufdi ojdbmmz- x f dbssjf e pvu ui f dbmdvmbujpo pg ui f pof mppq fﬁfdujwf qpuf oujbmcz fn qmpzjoh P)5* sfbm
sfqsf tf oubujpo gps TV)3* I jhht epvcmfut0
Efqf oef odf pgui f dpssf dujpot po ui f I jhht tqfdusvn jt tuvejf e ovn f sjdbmmz0 Jgui f di bshf e I jhht n btt
jt bt mjhi ubt 211 )HfW*311 )HfW*- bmmpx joh ui f n btt e jﬁf sf odf pgdi bshf e I jhht boe qtf veptdbmbs I jhht
jt bcpvu 211)HfW*- ui f r vbouvn dpssf dujpot up cpui β boe v bsf x jui jo b gf x ’ gps )λ3, λ2*)1.6, 2*0
Jg ui f di bshf e I jhht jt i f bwz mH+ A 611 )HfW*- b tmjhi u jodsfbtf pg ui f qtf veptdbmbs I jhht n btt gspn
ui f e f hf of sbuf qpjoumfbet up wf sz mbshf dpssf dujpot up β boe v0
Pof dbo bshvf ui f tj–f pg ui f r vbouvn dpssf dujpot up ui f of vusjop n btt pg ui f n pefm- c fdbvtf ui f
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x i f sf x f ubl f bddpvou pg ui f dpssf dujpot pomz evf up I jhht wbdvvn fyqfdubujpo wbmvf t0 Ui f gpsn vmb
Fr0)602* jn qmjf t ui busbejbujwf dpssf dujpo up ofvusjop n btt jt sfmbuf e up ui f I jhht n btt tqfdusvn 0 Ui f sf .
gpsf podf I jhht n btt tqfdusvn jt n fbtvsf e jo MI D- pof dbo dpn qvuf ui f sbejbujwf dpssf dujpo up ui f n btt
pgof vusjopt vtjoh ui f gpsn vmb Fr0)602*0
Bt gps qi f opn f opmphjdbmbtqfdu pg ui f n pefm- x f tuvez ui f qbjs qspevdujpo pg di bshf e I jhht boe
of vusbmI jhht cptpot jo ui f tbn f ux p.I jhht.epvcmfun pefm0Ui f qbjs qspevdujpo qspdf tt jt oputvqqsf ttf e
cz ui f V)2* di bshf dpotf swbujpo0 Jo pui f s x pset- ui f bqqspyjn buf hmpcbmtzn n fusz bmmpx t ui f qbjs
qspevdujpo up pddvs0
X f tuvez ui f upubmdsptt tf dujpo gps ui f qbjs qspevdujpo jo bo e+e− dpmmjtjpo0 Ui f qbjs qspevdujpo
pddvst ui spvhi W cptpo boe Z cptpo gvtjpo0 X f tuvez ui f qbjs qspevdujpo boe ui f e f dbzt gps efhf of sbuf
n bttf t pgdi bshf e I jhht boe of vusbmI jhht bt x fmbt ui f opo.e f hf of sbuf dbtf 0 Ui f dsptt tf dujpo jodsfbtf t
gspn 21−4 gc up 21−3 gc bt ui f dn f of shz pg e+e− wbsjf t gspn 2 )UfW* up 3 )UfW*0Ui f dsptt tf dujpo
jt dpn qbsf e x jui ui bu pgW - Z qbjs qspevdujpo0 X f ti px ui f e jﬁf sf oujbmdsptt tf dujpot x jui sf tqfdu
up ui f fmfduspo boe di bshf e I jhht n pn f oub0 Ui f e jﬁf sf oujbmdsptt tf dujpot x jui sf tqfdu up ui f bohmf t
pg ui f fmfduspo boe ui f di bshf e I jhht jo ui f ﬂobmtubuf t bsf bmtp ti px o0 X f ti px ui bu ui f I jhht
qbjs qspevdujpo jt bcpvu 21−3 ujn f t tn bmmf s ui bo ui f qbjs qspevdujpo dsptt tf dujpo pg hbvhf cptpot0
Dpn qbsf e x jui ui f tf - ui f W boe Z efdbz csbodi joh sbujp jo ui f tbn f ﬂobmtubuf jt tn bmmf s ui bo ui bupg
I jhht efdbzt boe jt ¯bwps.cmjoe0 Ui f sf gpsf - cz tuvezjoh ui f di bshf e bouj.mfqupo ¯bwps jo ui f ﬂobmtubuf -
x f n bz ejtujohvjti ui f I jhht qbjs qspevdujpo boe jut e f dbzt gspn ui bu pghbvhf cptpot0 X f f yqfdu 3’
4’ ¯bwps ef qf oef odf - x i jdi jt ovmmgps ui f hbvhf cptpo efdbzt0
Efqf oejoh po ui f opsn bmps jowf suf e i jf sbsdi z pgui f n btt tqfdusvn pgofvusjopt- ui f pse f s pgefdbz
sbuf t gps bouj.mfqupo ¯fwps )re- rμ- boe rτ* di bohf t0
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Appendix A
Derivation of one-loop eﬀective
potential
Jo ui jt bqqf oejy- x f hjwf ui f e f ubjmt pgui f e f sjwbujpo pgui f pof .mppq fﬁfdujwf qpuf oujbmboe ui f dpvouf s
uf sn jo Fr0)4032*0 Pof dbo tqmjuM2)φ*ij jo Fr0)402: * joup ui f e jbhpobmqbsu boe ui f pﬁ ejbhpobmqbsu
bt- δM2)φ*ij A M
2)φ*ij M
2)φ*iiδij0 Ui f e jwf shf ou qbsu pg pof mppq fﬁfdujwf qpuf oujbmdbo c f f btjmz
































12*ji , . . . , )B02*















2 )6 ≥ i ≥ 9*. )B03*










22−k2 )6 ≥ i ≥ 9*.
)B04*
Jo ui f n pejﬂf e n jojn bmtvcusbdujpo tdi f n f - Gf zon bo joufhsbujpo jt dbssjf e pvu x jui i fmq pg ui f x fmm







































x jui 1¯ A
1
 mph5π boe  A 3
d































































m211}7λ1)ﬀ †1ﬀ 1*, 3)3λ3 , λ4*)ﬀ †2ﬀ 2*〈














































, )5λ1λ4 , 27λ3λ4 , 9λ
2
4 , 5λ2λ4*√ﬀ †1ﬀ 2√
{
. )B08*
Opx ui f dpvouf s uf sn t gps ui f pof mppq fﬁfdujwf qpuf oujbmbsf tjn qmz hjwfo cz di bohjoh ui f tjho pg ui f













Jo ui jt tf dujpo- x f qsf tf ouui f e f sjwbujpo pgFr0)B08*0 X f tubsux jui ui f r vbsujd jouf sbdujpo uf sn t pgui f


































)φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*




Cz ubl joh ui f e f sjwbujwf t pg V (4)- pof dbo pcubjo ui f n btt trvbsf e n busjy M2)φ*0 Pof ﬂstu dpn qvuf t



















2 })φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*φi+4














2 })φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*φi−4





























k=1 δi+4 jφkφk+4 , ) δ5jφ2 , δ6jφ1 δ7jφ4 , δ8jφ3*
)δ1iφ6 δ2iφ5 , δ3iφ8 δ4iφ7*, )φ1φ6 , φ3φ8 φ2φ5 φ4φ7*





k=1 δi−4 jφkφk+4 , )δ1jφ6 δ2jφ5 , δ3jφ8 δ4jφ7*
) δ5iφ2 , δ7iφ1 δ7iφ4 , δ8iφ3*, )φ1φ6 , φ3φ8 φ2φ5 φ4φ7*















) δ5jφ2 , δ7jφ1 δ7jφ4 , δ8jφ3*) δ5iφ2 , δ6iφ1 δ7iφ4 , δ8iφ3*〈 )6 ≥ i, j ≥ 9*
.
)C04*














1ﬀ 1 , )5λ3 , 3λ4*ﬀ
†














2ﬀ 2 , )5λ3 , 3λ4*ﬀ
†
1ﬀ 1 )6 ≥ i ≥ 9*
)C05*





Ui f tf dpoe uf sn pgFr0)C06* jt qspqpsujpobmup-
Tr]m212σ1M
2a A )3λ3 , 5λ4*)φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*m
2
12
A )3λ3 , 5λ4*)ﬀ
†


















































, )φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*



















































































2ﬀ 2*, )9λ3λ4 , 5λ
2



























, )φ1φ5 , φ2φ6 , φ3φ7 , φ4φ8*






























2ﬀ 2*, 5λ2λ4√ﬀ †1ﬀ 2√2 , )5λ3λ4 , 5λ23 , 3λ24*)ﬀ †1ﬀ 1*2.
)C021*
Gspn Fr0)C09*- Fr0)C0: *-boe Fr0)C021*- pof pcubjot-

























, )5λ1λ4 , 27λ3λ4 , 5λ2λ4*√ﬀ †1ﬀ 2√2. )C022*







































x i f sf M2D jt b ejbhpobm9 ʷ 9 usf f mfwfmn btt trvbsf e n busjy pg I jhht tf dups boe LIJ jt 5 ʷ 5 n busjy
















m2H+ 1 1 1 1 1 1 1
1 m2H+ 1 1 1 1 1 1
1 1 m2A 1 1 1 1 1
1 1 1 m2h 1 1 1 1
1 1 1 1 m2H 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1




x i f sf M2T0 jt pcubjof e cz tvctujuvujoh ui f wbdvvn fyqfdubujpo wbmvf t upM
2
T 0O jt ti px o jo Bqqf oejy F0
Tjodf MD jt ui f 9 ʷ 9 ejbhpobmn busjy x i jdi fmfn f out dpssf tqpoe up ui f I jhht n bttf t boe –f sp n btt
pgui f x pvme c f Obn cv.Hpmetupof cptpot- pof n bz x sjuf Fr0)D02* jo b tjn qmf gpsn 0 Ui f I jhht n bttf t
trvbsf e jo Fr0)D04* bsf hjwfo cz Fr0)4038* . Fr0)4041*0
Up dpn qvuf Fr0)D02*- x f tujmmof f e up dbmdvmbuf OT ∂M
2
∂ϕI




Jo ui jt Bqqf oejy- x f dbmdvmbuf v(1) boe β(1)0


















































































Ui f fmfn f out pgL′ bsf ti px o jo Fr0)G05*0 Fr0)E03* dpssf tqpoet up ui f pof mppq fybdu gpsn vmb0 Jo ui f




Orthogonal matrix O in Eq.(C.3)




1 tjo β 1 1 1 1 dpt β 1
tjo β 1 1 1 1 dpt β 1 1
1 1 1 tjo γ dpt γ 1 1 1
1 1 tjo β 1 1 1 1 dpt β
1 dpt β 1 1 1 1 tjo β 1
dpt β 1 1 1 1 tjo β 1 1
1 1 1 dpt γ tjo γ 1 1 1










Jo ui jt Bqqf oejy- x f ti px ]OT ∂M
2
∂ϕI
Oajj boe LIJ x i jdi bsf of f e f e up dbmdvmbuf pof mppq dpssf dujpot up
ui f pse f s qbsbn fuf st ϕ
(1)
I jo Fr0)D02*0 ]O
T ∂M2
∂ϕI























2 ]λ1 , λ2 , 7λ3 3λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a
1
2 ]λ1 , λ2 , 7λ3 3λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a
1
2 ]λ1 , λ2 , 7λ3 7λ4 dpt)5β*}λ1 , λ2 3)λ3 , λ4*〈a
23)λ2 dpt
2 γ tjo2 β , dpt2 β tjo2 γλ1*, )4 dpt)β γ* dpt 3)β , γ*, 3*)λ3 , λ4*
23)λ2 dpt















2 β λ1 tjo
2 β )λ3 , λ4*dpt 3β
λ2 dpt
2 β λ1 tjo
2 β )λ3 , λ4*dpt 3β
λ2 dpt
2 β λ1 tjo
2 β )λ3 , λ4*dpt 3β
4λ2 dpt
2 γ 3λ1 tjo
2 γ , 12 sin 2β tjo 3)β , γ* 4 tjo 3)β γ*)λ3 , λ4*
4λ1 dpt
2 γ 3λ2 tjo
2 γ , 12 sin 2β tjo 3)β , γ* 4 tjo 3)β γ*)λ3 , λ4*
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∑∑∑∑⎜ . )G04*
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Appendix G
Amplitude of W+±+ Z± H+ + h
Jo ui jt bqqf oejy- x f ti px ui f pﬁ.ti fmmdi bshf e I jhht boe DQ.fwfo of vusbmI jhht )h* cptpo qspevdujpo
bn qmjuvef gps hbvhf cptpo gvtjpo W+∗ , Z∗  H+ , h0
Thμν A
g2 dpt)β , γ*
3 dpt θW
)ahgμν , dhqhνqH+μ , bhqH+νqhμ*, )H02*
x i f sf x f dpn qvuf ui f gpvs Gf zon bo ejbhsbn t dpssf tqpoejoh up- ui f dpoubdu jouf sbdujpo )Gjh0503*- ui f
T di boofmW+ f ydi bohf )Gjh0504* ui f V di boofmdi bshf e I jhht f ydi bohf )Gjh0 505*- boe ui f U di boofm








































x jui th A )qH+ pW *
2- uh A )pW qh*
2 boe sH+h A )qH+ , qh*
20 Cz ubl joh ui f wbojti joh mjn ju pgui f
V)2* csf bl joh uf sn - j0f 0- m12  1- β boe γ wbojti 0 Opuf bmtp ui bu- jo ui jt mjn ju- pof dbo ti px mh A mA
boe iTAμν A Thμν x jui ui f bqqspqsjbuf sf qmbdfn f ouqA  qh )tf f Fr0)505**0 Ui f sf gpsf jo ui jt mjn juui f
qspevdujpo bn qmjuvef t gps H+A boe H+h bsf je f oujdbmup fbdi pui f s- σH+A A σH+h0
5:
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We study a Dirac neutrino mass model of Davidson and Logan. In the model, the smallness of the
neutrino mass is originated from the small vacuum expectation value of the second Higgs of two Higgs
doublets. We study the one-loop effective potential of the Higgs sector and examine how the small vacuum
expectation is stable under the radiative correction. By deriving formulas of the radiative correction, we
numerically study how large the one-loop correction is and show how it depends on the quadratic mass
terms and quartic couplings of the Higgs potential. The correction changes depending on the various
scenarios for extra Higgs mass spectrum.
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I. INTRODUCTION
The smallness of the neutrino mass compared with the
other quarks and leptons is one of the mysteries of nature.
Recently, a new mechanism generating small Dirac mass
terms for neutrino has been proposed [1–3]. The similar
mechanism generating the small neutrino Dirac mass term
for the TeV seesaw mechanism is also proposed in [4] and
phenomenology is studied in [5,6]. There are also models
with radiatively generated Dirac mass term in [7,8]. The
interesting feature of the model proposed in [1,2] is the tiny
vacuum expectation value for an extra Higgs SU(2) doublet
[9]. The small neutrino mass is realized without introduc-
ing tiny Yukawa coupling for neutrinos. A softly broken
global U(1) symmetry guarantees the tiny vacuum expec-
tation value for the extra doublet. In addition to the small
softly breaking mass parameter, the mass squared parame-
ter for the extra Higgs is chosen to be positive so that the
light pseudo Nambu-Goldstone bosons due to the softly
broken global symmetry do not appear. This is a contrast to
the mass squared parameter for the standard model like
Higgs boson.
In the present paper, we study the global minimum of the
tree level Higgs potential by explicitly solving the sta-
tionary conditions. There are many studies of the tree level
Higgs potential of general two Higgs doublet model
[10–15]. (See also [16] for recent review of two Higgs
doublet model). It has been shown that the charge neutral
vacuum is lower than the charge breaking vacuum [10].
Also, the vacuum energy difference of two neutral minima
was derived [12,14]. We make use of the results and
identify the vacuum of the present model. When the U(1)
symmetry breaking term is turned off, the tree level Higgs
potential and the phase structure of the present model is
rather similar to the model with Z2 discrete symmetry
[17,18]. In contrast to Z2 symmetric case, it is essential
to keep the soft breaking term when ﬁnding the true
vacuum. If we set the symmetry-breaking term at zero,
then the order parameter corresponding to the softly bro-
ken U(1) symmetry becomes redundant parameter and can
not be determined. We treat the soft breaking term as small
expansion parameter and obtain the vacuum expectation
values and the vacuum energies in terms of the parameters
of the Higgs potential.
The constraints on the parameters of the model for
which the desired vacuum can be realized are derived
and they are rewritten in terms of Higgs masses and a
few coupling constants, which can not be directly related
to the Higgs masses. These constraints are fully used when
we study the radiative corrections to the vacuum expecta-
tion values numerically.
Beyond the tree level, we study the radiative correction
to the Higgs potential and the vacuum expectation values
of Higgs. Since the neutrino masses are proportional to the
vacuum expectation value of one of Higgs, one can also
compute the radiative corrections to neutrino masses. As
already noted in [1], the radiative correction to the softly
breaking mass parameter is logarithmically divergent and
it is renormalized multiplicatively. We derive the formulas
for the one-loop corrected vacuum expectation values for
two Higgs doublets by studying one-loop corrected effec-
tive potential. The corrections are evaluated numerically
by exploring the parameter regions allowed from the
global minimum condition for the vacuum. We show how
the radiative corrections change depending on the extra
Higgs spectrum. The radiative corrections are also eval-
uated for the case that a relation among the coupling
constants is satisﬁed.
The paper is organized as follows. In Sec. II, we derive
the condition for the desired vacuum being global mini-
mum. In Sec. III, one-loop effective potential is derived,
and one-loop corrections to the vacuum expectation values
are obtained in Sec. IV. In Sec. V, the corrections are
evaluated numerically for various choices of parameters
of the Higgs potential. Section VI is devoted to summary
and discussion.
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II. MODEL FOR DIRAC NEUTRINOWITH ATINY
VACUUM EXPECTATION VALUE
The model of the Dirac neutrino is proposed in [1].


















where 1’s vacuum expectation value is nearly equal to
the electroweak breaking scale and the second Higgs
2 has a small vacuum expectation value, which gives














Uð1Þ0 charge is assigned to the second Higgs. The Uð1Þ0
global symmetry is broken softly with the term m212. In
this paper, we introduce the following real O(4) repre-
sentation for each doublet, because this parametrization



























Using the notation above, the tree level effective poten-



























































where one can choose m212 real and positive. With the
notation of Eq. (3), the softly broken global symmetry
Uð1Þ0 corresponds to the following transformation on a2:
02 ¼ OUð1Þ02
¼
cos  sin 0 0
sin cos 0 0
0 0 cos  sin





1 does not transform under Uð1Þ0. Therefore, Uð1Þ0 is
broken softly when m212 does not vanish. Without loss of
generality, one can choose thevacuumexpectationvalues of


















where the range for 0 is ½0; 2Þ and the range for and is
½0; 
2
. We call the four order parameters as ’I ¼
ðv;; ; 0Þ, (I ¼ 1, 2, 3, 4). Whenm12 vanishes, by taking
 ¼ 0 in Eq. (5), one can rotate 0 away in Eq. (6). For the
most general case, in total, there are four independent order
parameters when Uð1Þ0 symmetry is broken.
For completeness of our discussion, we give the con-
straints on the quartic couplings from condition that the
tree level potential is the bounded below[1,10,19]:
1 > 0; 2 > 0; (7)
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ12p  3; (8)
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ12p  3 þ 4: (9)
In addition to the conditions on the quartic terms, one can
constrain the parameters, including the quadratic terms so
that the desired vacuum satisﬁes the global minimum con-
ditions of the potential. About the global minimum of the
tree potential, it was shown that the energy of charge
neutral vacuum is lower than that of the charge-breaking
vacuum [10]. We therefore set  zero. We also require the
vacuum expectation value of the second Higgs is much
smaller than that of the ﬁrst Higgs, which implies that tan
is small. In terms of the parametrization in Eq. (6) with
 ¼ 0, the potential can be written as






















sin2m212 cos0 cos sin:
(11)
We ﬁrst ﬁnd the global minimum of Vtree. The stationary
conditions @Vtree
@’I
¼ 0 (I ¼ 1, 2, 4), are written as
vð2Av2 þ BÞ ¼ 0; (12)
2r4 ¼ sin2
ð1 r1r2Þ cos2þ r2  r1r3
r2cos
22þ ðr3 þ 1Þ cos2þ r2
; (13)
m212 sin
0 sin2 ¼ 0; (14)
where riði ¼ 1 4Þ are deﬁned as,







1 þ 2  23  24
;
r3 ¼
1 þ 2 þ 23 þ 24







The stationary conditions in Eq. (12) and (13) correspond
to Eq. (36) of [14]. Here we solve them explicitly by
treating the soft breaking term m12 as perturbation. The
nonzero solution for v2 in Eq. (12) is written as





1 þ 2  234
1þ r1 cos2 2r4 sin2
cos22þ r3 þ 2r2 cos2
;
(16)
where 34 ¼ 3 þ 4. Substituting it into Vtree, one
obtains,
Vtree  Vmin ¼ 
ðm211 þm222Þ2
2ð1 þ 2  234Þ
 ð1þ r1 cos2 2r4 sin2Þ
2
cos22þ 2r2 cos2þ r3
: (17)
For nonzero m212 and sin2, the solution of Eq. (14) is
sin0 ¼ 0. One still needs to ﬁnd  among the solutions
of Eq. (13), which leads to the minimum of Vmin. We
solve Eq. (13) and determine  by treating r4ðm212Þ as a




ð1Þ sin ¼ 1m212jm2
22
1m21134j
; cos0 ¼ signðm2221 m21134Þ;
ð2Þ cos ¼ 2m212jm2
11
2m22234j
; cos0 ¼ signðm2112 m22234Þ;





































































The leading terms of the vacuum expectation values agree
with those obtained in Z2 symmetric model [18]. If
sin2 ¼ 0, then r4 must be vanishing and cos0 ¼ 0
from Eq. (13) and (14). The vacuum energies of the non-
zero sin2 solutions are shown in Tables I. In Table II, the
vacuum energies of the solutions with sin2 ¼ 0 are
summarized.
Next, we derive the constraints on the parameters so that
the solution corresponding to (1) in Table I becomes the
global minimum of the potential. Since the other cases
(2)–(5) do not have desired properties, we restrict the
parameter space so that these solutions can not be a global
minimum. Since v must have large positive vacuum ex-
pectation value, m211 must be negative. In order that the
vacuum energy of (1) is lower than that of (4),
m2221 m21134 > 0; ðcos0 ¼ 1Þ: (20)
When Eq. (20) is satisﬁed and the solution (1) does exist,
one can show that the vacuum energy of solution (3) is
higher than that of (1). Furthermore, when m222 > 0, the
solutions corresponding to (2) and (5) are not realized.
Then one can state the region of parameter space, which
TABLE I. Classiﬁcation of the solutions with nonzero sin2
of the stationary conditions of Higgs potential. For (3), Oðr4Þ
correction is not shown.






















(3) cos2 ¼ Oð1Þ  1m4112m211m222ð3þ4Þþ2m422
2ð12ð3þ4Þ2Þ
TABLE II. Classiﬁcation of the solutions with sin2 ¼ 0.
cos0 ¼ 0
(4) sin ¼ 0  m411
21
(5) cos ¼ 0  m422
22
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is consistent with the case that the vacuum (1) becomes
global minimum is
m211 < 0; m
2




Next, we consider the case with negative m222. In this case,
we impose the additional condition so that the vacuum








Then, the condition for (1) is global minimum in this
case is
m211 < 0; m
2












In the following sections, we explore the regions for the
parameters obtained in Eq. (21), (23), (8), and (9).
III. EFFECTIVE POTENTIAL IN ONE-LOOP
AND RENORMALIZATION
In this section, we derive the effective potential within
one-loop approximation. We introduce a real scalar ﬁelds
with eight components as i ¼ ð11; 21; 31; 41; 12; 22;
32; 
4
2ÞT , (i ¼ 1 8). With the notation above, the one-






lndetD1ðÞ; D1 ¼ hþM2T; (24)

















In Eq. (26), 1(0) also denotes a four by four unit (zero)
matrix. In modiﬁed minimal subtraction scheme, the ﬁnite





















Vc denotes the counterterms and the derivation of Vc can be
found in Appendix A.
IV. ONE-LOOP CORRECTIONS TO THE VACUUM
EXPECTATION VALUES
In this section, we compute the one-loop corrections to
the vacuum expectation values. Using the symmetry of the
model, in general, one can choose ’I ¼ ðv;;; 0Þ as the
vacuum expectation values of Higgs potential. Their values
are obtained as the stationary points of the one-loop cor-




By denoting the vacuum expectation values as sum of
the tree level ones and the one-loop corrections to them,

























where M2D is a diagonal 8 8 tree level mass squared
matrix of Higgs sector and LIJ is 4 4 matrix given by
the second derivatives of the tree level Higgs potential





The diagonal Higgs mass matrix squared M2D is related




Hþ 0 0 0 0 0 0 0
0 M2
Hþ 0 0 0 0 0 0
0 0 M2A 0 0 0 0 0
0 0 0 M2h 0 0 0 0
0 0 0 0 M2H 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0







where M2T0 is obtained by substituting the vacuum expec-
tation values toM2T .O is shown in Appendix D. SinceMD is
the 8 8 diagonalmatrix which elements correspond to the
Higgs masses and zero mass of the would be Nambu-
Goldstone bosons, one may write Eq. (29) in a simple
form. The Higgs masses squared in Eq. (31) are given by





























Þðcos2ðÞ1  sin2ðÞ2Þ þ ðcosð2ðþ 
ÞÞ  3 cosð2ð 
ÞÞÞð3 þ 4Þgv2
þ 4 cosð2
Þm211  4 cosð2





 is an angle with which one can diagonalize the 2 2 mass matrix for CP-even neutral Higgs. tan2




12 þ 2 sin2ð3 þ 4Þv2
ð3ð1cos2þ 2sin2Þ þ cos2ð3 þ 4ÞÞv2  2ðm211 m222Þ
: (33)
To compute Eq. (29), we still need to calculateOT @M
2
@’I
O and LIJ. They are shown in Appendix C. Using Eqs. (29) and (C1),
one can ﬁnd the quantum corrections for  and 0 vanish:
ð1Þ ¼ 0; 0ð1Þ ¼ 0: (34)
For vð1Þ and ð1Þ, one obtains,






















































































The elements of L0 are shown in Eq. (C4). Equation (35) corresponds to the one-loop exact formulas and is a main result
of the present paper. In the leading order of the expansion with respect to the symmetry breaking term m212, the
correction to v becomes










































The Higgs masses in the formulas are the ones in the limit of m12 ! 0,












where v is related to m211 as,
1
2
v2 ’ m211: (39)
The approximate formulas for the physical Higgs masses in Eq. (38), which are valid to the limit m12 ! 0, agree with
the ones given in [1] except the notational difference of MH and Mh. The one-loop correction to  in the leading order
expansion of m212 is given as
QUANTUM CORRECTION TO THE TINY VACUUM . . . PHYSICAL REVIEW D 85, 055002 (2012)
055002-5



































































Equation (40) shows that the quantum correction is also
proportional to the soft-breaking parameter m212, which is
expected. We also note that the correction depends on the
Higgs mass spectrum and quartic couplings. The correla-
tion to Higgs spectrum is studied in the next section.
V. NUMERICAL CALCULATION
In this section, we study the quantum correction to and
v numerically. As shown in Eq. (37) and (40), the quantum
corrections are written with four Higgs masses and the four
quartic couplings. Since the neutral CP even and CP -odd
Higgs of the second Higgs doublet are degenerate asMA ¼
Mh in the limit m12 ! 0 (See Eq. (38)), the three Higgs
masses ðMH;MA;MHþÞ are independent. Moreover, for a
given charged Higgs mass and neutral Higgs mass, 1 and








2 and 3 are the remaining parameters to be ﬁxed. The























Depending on the sign of m222, the upper bound and the
lower bound of 3 can be obtained for a given charged
Higgs mass. Combining it with Eq. (43), the constraints for




















; ðm222 > 0Þ: (45)
When m222  0, in addition to the lower bound on 3, the


















ðm222 < 0Þ: (46)
Now we study the quantum corrections numerically. We
ﬁx the standard model like Higgs mass as MH ¼
130 ðGeVÞ. There are still four parameters to be ﬁxed
and they are 2, 3, MA, and MHþ . Focusing on the
Higgs mass spectrum of the extra Higgs, we study the
radiative corrections for the following scenarios for
Higgs spectrum and the coupling constants.
A. Case forMA ¼MHþ; degenerate charged Higgs
and pseudoscalar Higgs and a relation for vanishing
quantum correction ð1Þ
We ﬁrst study the corrections for degenerate charged
Higgs and pseudoscalar Higgs. In this case, for a given
degenerate mass, one can identify the values of coupling
constants 2 and 3, for which 
ð1Þ vanishes. With MA ¼
MHþ , the relation for coupling constants which satisﬁes


















































The set of coupling constants ð3; 2Þ, which satisfy the
relation Eq. (47), are shown in Table III. We note that when
2 is as large as 10, 3 is at most about 3. If 2 is 1, 3 is
lies in the range 0:55 0:7.
TABLE III. The coupling constants ð3; 2Þ which satisfy the
relation, Eq. (47) for the three degenerate masses MHþ ¼ MA ¼
100, 200 and 500 (GeV).
2 3 (MHþ ¼ 100) 3 (MHþ ¼ 200) 3 (MHþ ¼ 500)
0.14 0.19 0.16 0.18
0.28 0.28 0.28 0.28
0.56 0.41 0.47 0.42
1.0 0.55 0.69 0.59
10 1.8 2.8 2.0
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B. Non-Degenerate caseMA MHþ with the coupling
constants satisfying Eq. (47)
Next we lift the degeneracy by shifting the pseudoscalar
Higgs mass from the charged Higgs mass and study the
effect on ð1Þ and vð1Þ. The nondegeneracy of the charged
Higgs mass and the pseudoscalar Higgs mass is con-
strained by  parameter. We change the pseudoscalar
Higgs mass within the range jMA MHþj< 100 ðGeVÞ
allowed from the electro-weak precision studies. The cou-
pling constants ð3; 2Þ are chosen from the sets of their
values satisfying the relation Eq. (47). In Fig. 1, we show
ð1Þ

as a function of MA with charged Higgs mass MHþ ¼
100 ðGeVÞ. When MA ¼ 100 ðGeVÞ, the correction van-
ishes exactly. As we increase MA from 100 (GeV) (the
mass of charged Higgs), the correction becomes nonzero
and is negative. The corrections are at most about 1.3%
when 2  1. By increasingMA further, we meet the point
around at MA ’ 200 ðGeVÞ corresponding to that the cor-
rection vanishes again. In Fig. 2, we study the correction
ð1Þ with larger charged Higgs mass case, MHþ ¼
200 ðGeVÞ. In contrast to the case for MHþ ¼
100 ðGeVÞ, by increasing MA from 200 (GeV) where the
correction vanishes, it increases and becomes positive. We
also note that the correction tends to be larger than the
lighter charged Higgs mass case. When 2  1, increasing
the pseudoscalar Higgs mass from 200 (GeV) to
300 (GeV), the correction is about 10%. As the pseudo-
scalar Higgs mass decreases from 200 (GeV) to 100 (GeV),
the correction becomes negative for 0< 2  1. With
the larger value 2 ¼ 10, we meet the point around at
MA ’ 150 ðGeVÞ where the correction vanishes again. In
Fig. 3, we study the further larger charged Higgs mass case,
i.e., MHþ ¼ 500 ðGeVÞ. With MA ’ 600 ðGeVÞ, the cor-
rection is positive and about 100%. The correction stays
small for 0< 2  1when decreasingMA from 500 (GeV)
to 400 (GeV).







FIG. 1. The quantum correction 
ð1Þ





lines) due to the nondegeneracy of charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections x
ð1Þ
x
(x ¼ , v) is shown,
while the charged Higgs mass is ﬁxed as MHþ ¼ 100 ðGeVÞ.
The set of parameters ð3; 2Þ are chosen so that the correction
ð1Þ vanishes for the degenerate case; MHþ ¼ MA ¼
100 ðGeVÞ. The values ð3; 2Þ are taken from Table III and
they are (0.19, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.41,
0.56) (dotted line), (0.55, 1) (dotdashed line), and (1.8, 10)
(thick solid line).










FIG. 2. The quantum correction 
ð1Þ





lines) due to the nondegeneracy of charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections x
ð1Þ
x
(x ¼ , v) is shown
while charged Higgs mass is ﬁxed as MHþ ¼ 200 ðGeVÞ. The
set of parameters ð3; 2Þ are chosen so that the correction ð1Þ
vanishes for the degenerate case; MHþ ¼ MA ¼ 200 ðGeVÞ.
The values ð3; 2Þ are taken from Table III and they are
(0.16, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.47, 0.56)
(dotted line), (0.69, 1) (dotdashed line), and (2.8, 10) (thick solid
line).






FIG. 3. The quantum correction 
ð1Þ





lines) due to the nondegeneracy of charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass MA ðGeVÞ
dependence of the quantum corrections x
ð1Þ
x
(x ¼ , v) is shown
while charged Higgs mass is ﬁxed asMHþ ¼ 500 ðGeVÞ. The set
of parameters ð3; 2Þ are chosen so that the correction ð1Þ
vanishes for the degenerate case;MHþ ¼ MA ¼ 500 ðGeVÞ. The
values ð3; 2Þ are taken from Table III and they are (0.18, 0.14)
(solid line), (0.28, 0.28) (dashed line), (0.42, 0.56) (dotted line),
(0.59, 1) (dotdashed line), and (2, 10) (thick solid line).
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C. The correction v
ð1Þ
v





ð1Þ is independent of 2 and does not necessarily
vanish at the same points whereð1Þ vanishes. With 3  2
and MHþ  200 ðGeVÞ, when the pseudoscalar Higgs
mass is much larger than that of charged Higgs mass; we
ﬁnd a very large correction to v. In Fig. 4, we show that the
two dimensional surface, which corresponds to vð1Þ ¼ 0.
We ﬁnd that the interior of the surface corresponds to the
region of the positive correction vð1Þ > 0, while the exte-
rior region of the surface corresponds to the negative
correction vð1Þ < 0.
In Fig. 5, we have shown the regions of (MHþ ;MA)
which correspond to that the corrections of jvð1Þj and
jð1Þj have the deﬁnite values (0, 0.01, 0.1). The dark
gray shaded area corresponds to the region where both
vð1Þ and ð1Þ can vanish with taking account of the
conditions in Eqs. (7)–(9). We note that for MHþ ;MA >
200 ðGeVÞ, the quantum corrections vanish around the
region where the charged Higgs degenerates with the
pseudoscalar Higgs. When the corrections become larger,
the larger mass splitting of the pseudoscalar Higgs and
charged Higgs is allowed. However, as the average mass of
the charged Higgs and pseudoscalar Higgs increases, the
allowed mass splitting becomes smaller.
VI. DISCUSSION AND CONCLUSION
In this paper, the Dirac neutrino mass model of
Davidson and Logan is studied. In the model, one of the
vacuum expectation values of two Higgs doublets is very
small and it becomes the origin of the mass of neutrinos.
The ratio of the small vacuum expectation value v2 and
that of the standard-like Higgs v1 is tan ¼ v2v1 . Therefore,
tan is very small and typically it is Oð109Þ. The small-
ness of tan is guaranteed by the smallness of the soft
breaking term of Uð1Þ0.
We have treated the soft-breaking term as perturbation
and calculated, in particular, the vacuum expectation of
Higgs in the leading order of the perturbation precisely. As
summarized in Table I, only by including the soft breaking
terms, one can argue which of the local minima minimizes
the potential and becomes the global minimum. We have
studied the global minimum of the tree-level Higgs poten-
tial, including the effect of the soft breaking term as
perturbation.
Beyond the tree level, we study the quantum correction
to the vacuum expectation values and tan in a quantitative
way. In one-loop level, we conﬁrmed that tree-level vac-
uum is stable, i.e., the order parameters which vanish at
tree level do not have the vacuum expectation value as
quantum correction. In one-loop level, we derived the
exact formulas for the quantum correction to  in the
leading order of expansion of the soft breaking parameter
m212. We have conﬁrmed not only that the loop correction to
tan is proportional to the soft breaking term, but also
found that the correction depends on the Higgs mass
spectrum and some combination of the quartic coupling
constants of the Higgs potential. Technically, we carried
out the calculation of the one-loop effective potential by
employing O(4) real representation for SU(2) Higgs
doublets.
Dependence of the corrections on the Higgs spectrum
is studied numerically. We ﬁrst derive a relation of the
FIG. 4. The two dimensional surface for vð1Þ ¼ 0.
















jÞ ¼ ð0; 0Þ (dark gray), (0.01, 0.01) (gray), and
(0.1, 0.1) (light gray).
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coupling constants, which corresponds to the condition
that the correction to  vanishes for degenerate extra
Higgs masses. Next, we study the effect of nondegeneracy
of the charged Higgs and pseudoscalar Higgs on the
correction. If the charged Higgs mass is as light as
100 ðGeVÞ  200 ðGeVÞ, allowing the mass difference
of charged Higgs and pseudoscalar Higgs is about
100 (GeV), the quantum corrections to both  and v
are within a few % for ð3; 2Þ  ð0:5; 1Þ. If the charged
Higgs is heavy MHþ ¼ 500 ðGeVÞ, a slight increase of
the pseudoscalar Higgs mass from the degenerate point
leads to very large corrections to  and v.
One can argue the size of the quantum corrections to the
neutrinomass of themodel, because the ratio of the tree level










where we take account of the corrections only due to Higgs
vacuum expectation values. The formulas in Eq. (48) imply
that radiative correction to neutrino mass is related to the
Higgs mass spectrum. Therefore, once Higgs mass spectrum
is measured in LHC, one can compute the radiative
correction to the mass of neutrinos using the formulas
of Eq. (48).
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APPENDIX A: DERIVATION OF ONE-LOOP
EFFECTIVE POTENTIAL
In this appendix, we give the details of the derivation of
the one-loop effective potential and the counterterm in
Eq. (27). One can split M2ðÞij in Eq. (25) into the
diagonal part and the off-diagonal part as M2ðÞij ¼
M2ðÞij M2ðÞiiij. The divergent part of V1loop can be
easily computed by expanding it up to the second order of
M2,























2  1m212ÞijDjjðM2  1m212Þji þ . . . ;
(A1)
where
D1ii ¼ D0–1ii þM2iiðÞ;
¼

M2ii þm211  k2 ð1  i  4Þ;
M2ii þm222  k2 ð5  i  8Þ:
(A2)






ð1  i  4Þ;
1
M2iiþm222k2
ð5  i  8Þ: (A3)
In the modiﬁed minimal subtraction scheme, Feynman
integration is carried out with help of the well known





































 log4 and  ¼ 2 d
2
. The divergent part of
Vð1Þ is











































½ð23 þ 44Þðy12 þy21Þ 





ð1221 þ 434 þ 423 þ 224Þðy11Þ2 þ ð1222 þ 434 þ 423 þ 224Þðy22Þ2
þ ð1213 þ 414 þ 823 þ 424 þ 1223 þ 424Þðy11Þðy22Þ
þ ð414 þ 1634 þ 824 þ 424Þjy12j2
i
: (A7)
Now the counterterms for the one-loop effective potential are simply given by changing the sign of the divergent part of
Eq. (A7),




Using Eq. (A8) and (A4), one can derive the ﬁnite part of the one-loop effective potential given in Eq. (27).
APPENDIX B: DERIVATION OF EQ. (A7)
























ðð15 þ26 þ37 þ48Þ2 þ ð16 þ38 25 47Þ2Þ: (B1)
By taking the derivatives of Vð4Þ, one can obtain the mass squared matrixM2ðÞ. One ﬁrst computes the ﬁrst derivative of




















j þ 42 fð15 þ26 þ37 þ48Þiþ4















j þ 42 fð15 þ26 þ37 þ48Þi4
þ ð16 þ38 25 47Þð5i2 þ 6i1  7i4 þ 8i3Þg: ð5  i  8Þ:
(B2)
The second derivatives are given as


































































































2i ¼ 62y22 þ ð43 þ 24Þy11; ð5  i  8Þ: (B4)
The counterterm in Eq. (A8) includes the following contribution:
Tr ½ðM2ðÞ m2121ÞðM2ðÞ m2121Þ ¼ Tr½M2ðÞM2ðÞ  2m2121M2 þ 8m412: (B5)
The second term of Eq. (B5) is proportional to
Tr ½m2121M2 ¼ ð23 þ 44Þð15 þ26 þ37 þ48Þm212 ¼ ð23 þ 44Þðy12 þy21Þm212: (B6)

































2j þ ð15 þ26 þ37 þ48Þ2



















¼ 1221ðy11Þ2 þ ð1213 þ 414Þðy11Þðy22Þ þ 414jy12j2
þ ð434 þ 423 þ 224Þðy22Þ2; (B8)


































2 þ 2ð16 25 þ38 47Þ2
	




















2j þ ð15 þ26 þ37 þ48Þ2





















¼ 1222ðy22Þ2 þ ð1223 þ 424Þðy11Þðy22Þ þ 424jy12j2
þ ð434 þ 423 þ 224Þðy11Þ2: (B10)
From Eqs. (B8)–(B10), one obtains,
Tr½M2ðÞM2ðÞ ¼ ð1221 þ 434 þ 423 þ 224Þðy11Þ2 þ ð1222 þ 434 þ 423 þ 224Þðy22Þ2
þ ð1213 þ 414 þ 823 þ 424 þ 1223 þ 424Þðy11Þðy22Þ
þ ð414 þ 1634 þ 824 þ 424Þjy12j2: (B11)
Using Eqs. (B4)–(B6) and (B11), one can derive Eq. (A7).
APPENDIX C: ½OT @M2
@’I
Ojj AND LIJ
In this appendix, we show ½OT @M2@’I Ojj and LIJ, which are needed to calculate one-loop corrections to the order
parameters ’ð1ÞI in Eq. (29). ½OT @M
2
@’I




































ð1 þ 2 þ 63  24  cosð4Þð1 þ 2  2ð3 þ 4ÞÞÞ
1
2
ð1 þ 2 þ 63  24  cosð4Þð1 þ 2  2ð3 þ 4ÞÞÞ
1
2
ð1 þ 2 þ 63 þ 64  cosð4Þð1 þ 2  2ð3 þ 4ÞÞÞ
12f2cos2
sin2þ cos2sin2
1g þ ð3 cos2ð 
Þ  cos2ðþ 
Þ þ 2Þð3 þ 4Þ
12f1cos2cos2
þ sin2sin2
2g þ ð3 cos2ð 
Þ þ cos2ðþ 

















2ðÞ  sin2ðÞ1  cosð2Þð3 þ 4Þ
2cos
2ðÞ  sin2ðÞ1  cosð2Þð3 þ 4Þ
2cos




1 þ 12 sin2 ðsinð2ðþ 




Þ2  12 sin2 ðsinð2ðþ 







TAKUYA MOROZUMI, HIROYUKI TAKATA, AND KOTARO TAMAI PHYSICAL REVIEW D 85, 055002 (2012)
055002-12
Next, we show LIJ in Eq. (30). Note that LIJ is symmetric LIJ ¼ LJI and its nonzero elements are:
L11 ¼ cos2m211 þ sin2m222  2 cosðÞ sinðÞm212 þ
1
2





ð1 þ 2  2ð3 þ 4ÞÞv2 þ
cos2
4
ð2  1Þv2 þ 2m212 sin2 cos2ðm211 m222Þ
	
;




ð1 þ 2  2ð3 þ 4ÞÞv2 þ
1
2





v2 sinð2Þðv2 sinð2Þ4  4m212Þ;
L44 ¼ v2 cosðÞ sinðÞm212: (C4)
APPENDIX D: ORTHOGONAL MATRIX O IN EQ. (31)
Here we show the orthogonal matrix O in Eq. (31).
O ¼
0  sin 0 0 0 0 cos 0
 sin 0 0 0 0 cos 0 0
0 0 0 sin
 cos
 0 0 0
0 0  sin 0 0 0 0 cos
0 cos 0 0 0 0 sin 0
cos 0 0 0 0 sin 0 0
0 0 0 cos
  sin
 0 0 0
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Pair production of the neutral and charged Higgs bosons is a unique process that is a signa-
ture of the two-Higgs-doublet model. In this paper, we study the pair production and decays of
the Higgses in the neutrinophilic two-Higgs-doublet model. The pair production occurs through
the : and = gauge boson fusion process. In the neutrinophilic model, the vacuum expectation
value (VEV) of the second Higgs doublet is small and is proportional to the neutrino mass. The
smallness of VEV is associated with the approximate global U(1) symmetry, which is slightly
broken. Therefore, there is a suppression factor for the U(1) charge breaking process. The sec-
ond Higgs doublet has U(1) charge; its single production from gauge boson fusion violates the
U(1) charge conservation and is strongly suppressed. In contrast to the single production, the
pair production of the Higgses conserves U(1) charge and the approximate symmetry does not
forbid it. To search for the pair productions in a collider experiment, we study the production
cross section of a pair of charged Higgs and neutral Higgs bosons in H+H− collisions with a center
of energy from 600GeV to 2000GeV. The total cross section varies from − fb to − fb for
the degenerate (200GeV) charged and neutral Higgs mass case. The background process to the
signal is the gauge boson pair:+ + = production and their decays. We show that the signal over
background ratio is about 2–3% by combining the cross section ratio with ratios of branching
fractions.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6XEMHFW ,QGH[ % %
1. Introduction
While LHC have already started constraining many new physics models, there are a few aspects
in the beyond-standard models into which future H+H− colliders [1,2] could make unique searches
because of their clean environments. In this paper, we study the signature of the neutrinophilic two-
Higgs-doublet model [3] in H+H− collisions by focusing on the pair production and decays of the
charged Higgs and neutral Higgs bosons.
In the neutrinophilic model, a second Higgs doublet is introduced and the neutrino masses are
generated from the tiny VEV (vacuum expectation value) of the second Higgs doublet. The new U(1)
global symmetry is introduced. The second Higgs doublet and right-handed neutrinos have the U(1)
charge +1 and the other ﬁelds do not have that charge. The U(1) global symmetry is approximate and
is broken explicitly by the soft breaking bilinear term with respect to the second Higgs doublet and to
These authors contributed equally to this work.
© The Author(s) 2013. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0/),
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the standard-model-like Higgs doublet. The tiny VEV of the second Higgs generated is proportional
to the coefﬁcient of the mass dimension two in the bilinear term.
In the model, any U(1) charge-violating process is suppressed by the tiny VEV. This also implies
that the probability amplitude is suppressed and is proportional to neutrino mass. An example of a
suppressed process is a single second Higgs production with gauge boson fusion. In contrast to the
single second Higgs production, the pair production of the second Higgs is a U(1) charge conserv-
ing process. Therefore, it is not suppressed. The processes in this category are =∗(γ ∗) → +++−,
:+ +:− → ++ + +−, and :+ + = → ++ + ; (; = $, K), where ++, $, and K denote the
charged Higgs, CP-odd Higgs, and CP-even Higgs in the second Higgs doublet, respectively.
In the LHC set-up, the charged Higgs pair production S + S→ =∗(γ ∗) → ++ + +− is studied
in Ref. [4]. In Ref. [5], vector boson fusion into the light CP-even Higgs pairs is studied at the LHC.
In Ref. [6], di-Higgs production in various scenarios is discussed. In Ref. [7], the standard model
Higgs boson pair production is studied. In addition, see Ref. [8] for the ratio of the cross section of
the single Higgs boson and the pair production cross section in the context of the standard model.
In our work, in H+H− collisions, the pair production of the charged Higgs (++) and neutral Higgs
(; ) in the second Higgs doublet is studied. We derive the pair production cross section, H+ + H− →
νH + H− + ++ + ; (; = $, K).
The paper is organized as follows. In Sect. 2, we set up the Lagrangian that is used in the calculation
of charged Higgs and neutral Higgs production. In Sect. 3, we derive the expression of the cross
sections for pair production from H+ + H− collisions. In Sect. 4, the cross sections, including the
various differential cross sections, are numerically computed and compared to the standard model
background cross section. In Sect. 5, the decays of the charged Higgs and neutral Higgs are discussed
and the dependence on the charged lepton ﬂavor in the ﬁnal state is studied. Section 6 is devoted to
the summary.
2. Two-Higgs-doublet model with softly broken global symmetry
In this section, we present the Lagrangian to set up the notation and also to display the interaction
















































The new U(1) charge for  () is (+). The term proportional to P is the U(1) breaking
term. + and K denote CP-even Higgses, $ denotes a CP-odd Higgs. In our notation, + is close to
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v is the squared sum of two VEVs. γ is the mixing angle of CP-even Higgses given by [9]:
WDQ γ = − −P

 +  VLQ β(λ + λ)v
((−λ FRVβ + λ VLQ β) + FRV β(λ + λ))v − (P − P)
. (4)
Then one can write the covariant derivative terms for the two doublets, including the electroweak

















V: ($μ − W: =μ)>(++:μ− + +−:μ+)(K FRV(β + γ ) − + VLQ(β + γ ))
− L(++:μ− − +−:μ+)$@+ L J FRV θ:
 FRV θ:
=μ(∂μ+−++ − ∂μ+++−)
+ J FRV(β + γ )
 FRV θ:





FRV(β + γ ):+μ(K∂μ+− − ∂μK+−)
+ J

:+μ(+−∂μ$ − $∂μ+−) + K.F.
}
. (5)
One notes that a single CP-even Higgs boson (K or + ) could be produced by the gauge boson fusion
process :+ +:−(= + =) → K or + . There is no single CP-odd Higgs $ production from gauge
boson fusion. The absence of terms like $:+μ :−μ is due to CP symmetry. We also note that the
CP-even Higgs K is mostly the real part of the down component of the second Higgs . Its coupling
to the gauge boson pair operators :+μ:−μ and =μ=μ is suppressed as VLQ(β + γ ). Since VLQβ and
VLQ γ are suppressed to zero in the vanishing limit of the U(1) breaking term P, the gauge boson
fusion to K is forbidden in the limit. As for the decays of chargedHiggs and neutral Higgs, the Yukawa
coupling to the right-handed neutrino is important. Assigning the U(1) charge + to the right-handed
neutrino [3], it is written in terms of mass eigenstates as:



















ν5 M +− + K.F., (6)
where Pν denotes the neutrino masses and 9 denotes the Maki–Nakagawa–Sakata (MNS) matrix.
3. Cross section of e+ + e− → ν¯ + e− + W+∗ + Z∗ → ν¯ + e− + H+ + A
In this section, we present the formulae for the cross section of H+ + H− → ν¯ + H− +:+∗ + =∗ →
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Fig. 1. Feynman diagram of charged Higgs ++ and CP-odd Higgs $ production in H+H− collisions. The
production occurs through :+ and = fusion, which is shown by the circle.
Fig. 2. Contact interaction.
We deﬁne
σ++; ≡ σ(H+ + H− → νH + H− + ++ + ;); ; = $, K. (7)

















|0 |(π)δ(SH+ + SH − T++ − T$ − TH − Tν¯ ). (8)
VH+H− is the center-of-mass (cm) energy of the H+ and H− collision. SH+ and SH denote the momenta
of the positron and electron of the initial state. TH, T++ , T$, and Tν¯ are the momenta of the ﬁnal states,
i.e., electron, charged Higgs, neutral Higgs, and anti-neutrino respectively. The transition amplitude
0 is given by
0 = −7$μν






X(TH)γ ν(/ + V: )X(SH)vH+(SH+)γ μ/vν¯(Tν¯ ), (9)
where S= = SH − TH and S: = T++ + T$ − S= . / denotes the chiral projection / = −γ . V: (F: )
denotes sine (cosine) of the Weinberg angle. 7$μν denotes the off-shell amplitude for:+∗μ + =∗ν →
$ + ++ production. This corresponds to the circle in Fig. 1, and the Feynman diagrams that
contribute to 7 $μν are shown in Figs. 2–5.
The second-rank tensor 7$μν is given as:
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Fig. 3. S channel : exchange.
Fig. 4. U channel.
Fig. 5. T channel.
where we introduce the real amplitude 7 ∗μν = 7μν (the on-shell case is shown in Ref. [10]). D$, E$,
and G$ in Eq. (10) are given as:
D$ = V: +
S= − S:
0=
0$ − 0++ − 0:
V++$ − 0:
+ F:



























































 FRV(β + γ )
W$ − 0K
+ (FRV θ: + )
V++$ − 0:
, (11)
with W$ = (T++ − S: ), X$ = (S: − T$), and V++$ = (T++ + T$). The spin-averaged ampli-















where /νρHH is a leptonic tensor of the neutral current and /
μσ
H+ν¯ is that of the charged current. They
are written in terms of the symmetric part 6 and the anti-symmetric part $:
/νσHH = 6νσHH + L $νσHH ,
6νσHH = (+ V: + V: )(SνH TσH − Jνσ SH · TH + SσH TνH ),
$νσHH = (+ V: )νασβ SHαTHβ, (13)
/μρH+ν¯ = 6
μρ












$μρH+ν¯ = μαρβTν¯α SH+β. (14)









((SH − TH) − 0= )((S+H − Tν¯ ) − 0: )
∣∣∣∣∣









δ(SH+ + SH − TH − Tν¯ − T++ − T$). (16)
In the center-of-mass frame of the H+H− collision, the amplitude is independent of the rotation around
the beam axis. One can also set the direction of the H+ beam to the ] direction and the momentum
of the electron in the ﬁnal states to the \] plane. Therefore, after one integrates the azimuthal angle
and the anti-neutrino momentum, one obtains G3K as:











V − (++ − ($ − (H − (ν¯ ). (17)
The momentum of the electron TH in the ﬁnal states is speciﬁed by a polar angle (θH) in the orthogonal








qe = |qe|(VLQ θHe2 + FRV θHe3),
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= VLQ θHe2 + FRV θHe3,
e′2 = − VLQ θHe3 + FRV θHe2,
e′1 = e1. (19)
θH+ and φH+ denote the momentum direction of the charged Higgs relative to that of the electron in
the ﬁnal state:
qH+ = |qH+|(VLQ θH+ FRVφH+e′1 + VLQ θH+ VLQφH+e′ + FRV θH+e′3). (20)
Finally, (θH+ $, φH+ $) denote the direction of momentum for the neutral Higgs $. θH+ $ is a polar
angle measured from the direction qe + qH+ :







, e′′2 = e′′3 × e′′1. (22)
In terms of the angles deﬁned, the phase space integration is written:











V − (++ − ($ − (T − (ν¯ )
(ν¯ =
√
|qe + qH+| + T$ +  FRV θH+ $T$|qe + qH+|, (23)
where we denote T$ = |qA|, T++ = |qH+|, and TH = |qe|. The integration over the variable FRV θH+ $
is carried out and we obtain:













VH+H− − (H − ($ − (++ . (25)
The step functions in Eq. (24) imply phase space boundaries. Using Eq. (24), the differential cross
section is:
Gσ++$









((SH − TH) − 0= )((SH+ − Tν¯ ) − 0: )
∣∣∣∣∣











× θ((ν¯ − ||qH+ + qe| − T$||)θ(|qe + qH+| + T$ − (ν¯ ). (27)





























































       
IE
*H9
Fig. 6. The gauge boson pair production cross section (σ:= ) for H+ + H− → :+ + = + νH + H− (solid
line) and the Higgs pair production cross sections (σ++$) for H+ + H− → ++ + $ + νH + H−. The horizon-
tal axis denotes center-of-mass energy,
√
VH+H− (GeV), of the H+H− collision. The long dashed line with the
cross symbol × corresponds to the case (P++ ,P$) = (, ) (GeV). The dotted line with the boxes 
corresponds to (P++,P$) = (, ) (GeV) and the short dashed line with asterisks ∗ corresponds to
(P++ ,P$) = (, ) (GeV).
4. Numerical results
In this section, we present the numerical results for the cross sections. We have carried out the phase
space integrations by using the Monte Carlo program, bases [11]. We have studied three sets of
charged Higgs and neutral Higgs masses:
(P++,P$) = (, ), (, ), (, ) (*H9). (28)
As shown in Ref. [9], for these input values of charged Higgs and neutral Higgs masses, the radiative
corrections to the VEVs, β and v, are within .
We show the total cross sections σ++$ with respect to the center-of-mass energy (
√VH+H−) of the














GT++, T++ =  (GeV), (30)
σ++$(FRV θH) =
∫ FRV θH+ FRV θH
FRV θH− FRV θH
Gσ++$
G FRV θH
G FRV θH,  FRV θH = ., (31)
σ++$(FRV θH+ ) =
∫ FRV θH++ FRV θH+
FRV θH+− FRV θH+
Gσ++$
G FRV θH+

































































          
IE
*H9
Fig. 7. The differential cross sections σ++$ and σ:= as functions of the momentum TH (GeV)
for the ﬁnal state electron. We have chosen the width of each bin as TH =  (GeV). The solid line
marked with the plus sign + corresponds to H+ + H− → :+ + = + νH + H−. The other lines denote the
three cases for H+ + H− → ++ + $ + νH + H−. The long dashed line marked with the cross symbol ×
corresponds to the case (P++ ,P$) = (, ) (GeV). The dotted line marked with the boxes  corre-
sponds to (P++ ,P$) = (, ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
(P++ ,P$) = (, ) (GeV). The center-of-mass energy is  (GeV).
For comparison, we have also computed the gauge boson production cross section. We used the
formulae in Ref. [12] for the : + = → : + = scattering amplitude:
σ:= ≡ σ60(H+ + H− → νH + H− +:+ + =). (34)
We plot σ:= in Fig. 6 as well as the differential ones, σL: = (L = –) for the weak gauge boson
pair (:+ and = ) production in the standard model; see Figs. 7–11. This can be a background process
to Higgs pair production. Explicitly, we write the differential cross section σL: = (L = –), which






GTH, TH =  (GeV), (35)





GT: , T: =  (GeV), (36)
σ:= (FRV θH) =
∫ FRV θH+ FRV θH
FRV θH− FRV θH
Gσ:=
G FRV θH
G FRV θH,  FRV θH = ., (37)
σ:= (FRV θH: ) =
∫ FRV θH:+ FRV θH:
FRV θH:− FRV θH:
Gσ:=
G FRV θH:
G FRV θH: ,  FRV θH: = ., (38)


































































          
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*H9
Fig. 8. The differential cross section σ++$ with respect to the charged Higgs momentum T++ .
The horizontal axis denotes T++ (GeV). The long dashed line marked with the cross symbol × cor-
responds to the case (P++,P$) = (, ) (GeV). The dotted line marked with the boxes  corre-
sponds to (P++ ,P$) = (, ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
(P++ ,P$) = (, ) (GeV). The center-of-mass energy is  (GeV) and the width of each bin (T++ )
is  (GeV). For comparison, we also show the solid line with the plus sign + for the :, = pair production
cross section, σ:= as a function of the momentum of the: boson in the ﬁnal state T: (GeV). For the cross








± ± ± ± ±      
IE
FRV θe
Fig. 9. The differential cross sectionsσ++$ for H+ + H− → ++ + $ + νH + H− with respect to FRV θH, where
θH denotes the angle between the ﬁnal electron momentum and the initial positron momentum. The long dashed
line marked with the cross symbol × corresponds to the case (P++ ,P$) = (, ) (GeV). The dotted line
marked with the boxes  corresponds to (P++ ,P$) = (, ) (GeV) and the short dashed line marked
by asterisks ∗ corresponds to (P++ ,P$) = (, ) (GeV). The center-of-mass energy is  (GeV) and
the width of each bin ( FRV θH) is 0.2. For comparison, we show the cross section σ:= of the process
H+ + H− → :+ + = + νH + H− with a solid line. We use the formulae for the : + = → : + = scattering

























































± ± ± ± ±      
IE
FRV θeH FRV θeW
Fig. 10. Differential cross sections for σ++$ and σ:= . The horizontal axis corresponds to FRV θH+ and
FRV θH: . θH+ (θH: ) is the angle between the momentum of the ﬁnal electron and that of the charged Higgs
boson (: boson). The solid line marked with the plus sign + corresponds to := production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol ×
corresponds to the case (P++ ,P$) = (, ) (GeV). The dotted line marked with the boxes  corre-
sponds to (P++ ,P$) = (, ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
(P++ ,P$) = (, ) (GeV). The center-of-mass energy is  (GeV) and the bin widths  FRV θH+ and
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φ φeH eW
Fig. 11. Differential cross sections σ++$ and σ:= . The horizontal line denotes the azimuthal angles
φH+ and φH: (radian). The solid line marked with the plus sign + corresponds to := production. The other
three lines are Higgs pair production. Among them, the long dashed line marked with the cross symbol ×
corresponds to the case (P++ ,P$) = (, ) (GeV). The dotted line marked with the boxes  corre-
sponds to (P++ ,P$) = (, ) (GeV) and the short dashed line marked by asterisks ∗ corresponds to
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We summarize what one can read from these cross-section ﬁgures (Figs. 6–11) as follows:
◦ The total cross section for Higgs pair production σ++$ increases as the center-of-mass energy
of the H+H− collision grows until it reaches to 2000 (GeV). Even in the case for the lightest
Higgs pair masses that we have chosen, the cross section is at most . fb. Compared with
gauge boson pair production σ:= , the ratio
σ++$
σ:=
is of the order of ∼ −.
◦ The differential branching fractions with respect to the electron momentum in ﬁnal states and
with respect to the charged Higgs spectrum are limited by phase space and, for lighter Higgs
pair masses, the momentum of the electron is larger.
◦ The distribution of the direction of the electron in the ﬁnal states peaks strongly at FRV θH = −.
This implies that the electron is scattered in the forward direction with respect to the incoming
electron. This happens because the virtuality of the =∗ boson is minimized in this case.
◦ Regarding the azimuthal φH+ angle distributions, we ﬁnd that the charged Higgs momentum is
more likely to lie within the range  ≤ φH+ ≤ π than in π ≤ φH+ < π .
5. The signature of charged Higgs and neutral Higgs pair production
As we have seen from the studies of the previous section, the cross section and the differential cross
sections of the Higgs pair production are much smaller than gauge boson pair production. Consid-
ering this smallness, one may wonder if such Higgs pair production and its decays have distinct
signals. Here we consider the charged lepton ﬂavor dependence of the charged Higgs decays into
an anti-lepton and a neutrino. Note that the dominant neutral Higgs decay channel is a neutrino and
anti-neutrino pair when the neutral Higgs and charged Higgs are degenerate as |P$ − P++| < P: .
We study the degenerate case. In this case, the neutral Higgs decay products are invisible and the
visible decay product is a charged anti-lepton O+ from the charged Higgs decay. Therefore, the whole
process starting from the H+H− collision to Higgs decays looks like:
H+ + H− → νH + H− + ++ + $
→ νH + H− + O+νO + νNνN . (40)
One ﬁnds the same ﬁnal state as in Eq. (40) in the gauge boson pair production process of the H+H−
collision as follows. By replacing the charged Higgs boson with a :+ boson and the neutral Higgs
boson $ with a = boson in Eq. (40), the decay channels = → νNνN and:+ → O+νO lead to the same
ﬁnal state as that of Eq. (40):
H+ + H− → νH + H− +:+ + =
→ νH + H− + O+νO + νNνN . (41)
Since Eq. (41) has a common ﬁnal state with Eq. (40), they look indistinguishable. However, as
pointed out in Ref. [3], the branching fraction of the charged Higgs decay into an anti-lepton is ﬂavor
non-universal and depends on the lepton family. It is written in terms of the neutrino mixings and
masses, for which precise data, excluding the lightest neutrino mass and CP-violating phase, are
now available. Since the: boson decay into an anti-lepton is ﬂavor-blind, we study the lepton ﬂavor
dependence of charged Higgs decay by taking the ratio with the weak gauge boson pair production
and decay branching fractions. The ratio we deﬁne is
UO =
∑
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 + $  + K
:=
Fig. 12. The ratio of the cross sections of Higgs pair production and gauge boson pair production σ++ $+σ++K
σ:+ =
as a
function of the center-of-mass energy of the H+H− collision
√
VH+H− (GeV). The solid line corresponds to the case
for (P++ ,P$) = (, ) (GeV). The dashed line corresponds to the degenerate case, P$ = P++ = 
(GeV). The dotted line corresponds to the case (P++ ,P$) = (, ) (GeV).
where we use the shorthand notation%U(; → νν¯) = ∑N %U(; → νN ν¯N) for ; = K, $, = . Using the









where we use the fact that the production cross sections for CP-even and CP-odd Higgs with 8 ()
charge are almost identical to each other, i.e., σ++$  σ++K (see Appendix A). We also use the
branching fractions that satisfy
%U($→ νν) = %U(K → νν¯) = . (44)
We show the ratio of the cross sections in Fig. 12. When Higgs masses are degenerate,
P$ = P++ =  (GeV), the ratio of the cross section is about .× − for √VH+H− = 
(GeV). In what follows, we use this value as a benchmark point for the ratio of the cross sections
in Eq. (43). The other branching fractions that appear in Eq. (43) are quoted from the Particle Data
Group (PDG) [13]:
%U(:+ → τ+ν) = .± .,
%U(:+ → μ+ν) = .± .,
%U(:+ → H+ν) = .± .,
%U(= → νν¯) = .± .. (45)
Using the numerical values, one can write UO(O = H, μ, τ) as:












where %U(++ → Oν) in should be substituted. The charged Higgs can decay into charged leptons
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Fig. 13. UO (O = H, μ, τ) for the normal hierarchical case as functions of the lightest neutrino mass P (eV).
The dotted line corresponds to UH, the dashed line corresponds to Uμ, and the solid line corresponds to Uτ .
ﬂavor of charged lepton are obtained from Eq. (6) [3]:









We update the branching fraction to each lepton ﬂavor mode using the recent results on |9H|. For
the normal hierarchy case, the branching fractions are written as:
%U(++ → O+νO) =
P + PVRO |9O| + (PVRO + PDWP)|9O|
P + PVRO + PDWP
× . (48)
In the formulae of Eq. (48),P denotes the lightest neutrino mass. For the inverted hierarchical case,
they are written as:
%U(++ → O+νO) =
P + PDWP(|9O| + |9O|) − PVRO |9O|
P + PDWP − PVRO
× , (49)
whereP denotes the lightest neutrinomass.We have used the following values for the mixing angles
and mass-squared differences quoted from Table 13.7 in Sect. 13 of Neutrino Mass, Mixing, and
Oscillation of Ref. [13]: VLQ θ = ., VLQ θ = ., VLQ θ = ., PDWP = .× −
(eV), andPVRO = .× − (eV). The subscripts ’sol’ and ’atm’ for themass squared differences
imply solar neutrinos and atmospheric neutrinos respectively. In Fig. 13, we show UO (O = H, μ, τ)
for the normal hierarchical case as functions of the lightest neutrino mass P. In Fig. 14, we show
UO for the inverted hierarchical case as functions of the lightest neutrino mass P. As we can see
from Figs. 13 and 14, we can expect 2–3% lepton ﬂavor dependence from charged Higgs decay. We
summarize the ﬂavor dependence as follows:
◦ For the normal hierarchical case, for  ≤ P < . (eV), Uμ > Uτ  UH. For larger P up to
. eV, Uμ ∼ UH ∼ Uτ = ..
◦ For the inverted hierarchical case, UH > Uμ > Uτ for  < P < . eV.
6. Conclusions and discussions
In this paper, we study the pair production of charged Higgs and neutral Higgs bosons in the neu-
trinophilic two-Higgs-doublet model. The pair production process is not suppressed by the U(1)
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Fig. 14. UO (O = H, μ, τ) for the inverted hierarchical case as functions of the lightest neutrino mass P (eV).
The dotted line corresponds to UH, the dashed line corresponds to Uμ, and the solid line corresponds to Uτ .
We study the total cross section for the pair production in an H+H− collision. The pair produc-
tion occurs through : boson and = boson fusion. We study the pair production and the decays for
degenerate masses of charged Higgs and neutral Higgs as well as the non-degenerate case. The cross
section increases from − fb to − fb as the cm energy of H+H− varies from 1 (TeV) to 2 (TeV).
The cross section is compared with that of:, = pair production.We show that the Higgs pair produc-
tion is about − times smaller than the pair production cross section of gauge bosons. Therefore, if
= decays invisibly into neutrino pairs and the : boson decays into an anti-lepton and a neutrino, the
gauge boson pair production and its decays become a background to the signal. When the charged
Higgs (++) and neutral Higgs (; = $, K) are degenerate as |P++ − P; | < 0: , which is favored
from the electroweak precision data, the charged Higgs dominantly decays into an anti-lepton and a
neutrino and the neutral Higgs dominantly decays into a neutrino and anti-neutrino pair. Compared
with these, the : and = decay branching ratio in the same ﬁnal state is smaller than that of Higgs
decays and is ﬂavor-blind. Therefore, by studying the charged anti-lepton ﬂavor in the ﬁnal state, we
may distinguish the Higgs pair production and its decays from that of gauge bosons. We expect 2–3%
ﬂavor dependence, which is null for the gauge boson decays. Depending on the normal or inverted
hierarchy of the mass spectrum of neutrinos, the order of UH, Uμ, and Uτ changes. We show the differ-
ential cross sections with respect to the electron and charged Higgs momenta. The differential cross
sections with respect to the angles of the electron and the charged Higgs in the ﬁnal states are also
shown. These are also important in identifying the signals.
Appendix. Amplitude of W+∗ + Z∗ → H+ + h
In this appendix, we show the off-shell charged Higgs and CP-even neutral Higgs (K) boson
production amplitude for gauge boson fusion :+∗ + =∗ → ++ + K:
7Kμν =
J FRV(β + γ )
 FRV θ:
(
DKJμν + GKTKνT++μ + EKT++νTKμ
)
, (A1)
where we compute the four Feynman diagrams corresponding to the contact interaction (Fig. 2), the
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CP-odd Higgs ($) exchange (Fig. 5). DK , EK , and GK in Eq. (A1) are given as:
DK = −V: −
S= − S:
0]
0K − 0++ − 0:
V++K − 0:
− F:












− (FRV θ: + )
V++K − 0:
, (A2)
with WK = (T++ − S: ), XK = (S: − TK), and V++K = (T++ + TK). By taking the vanishing limit
of the U(1) breaking term, i.e., P → , β and γ vanish. Note also that, in this limit, one can show
PK = P$ and −L7$μν = 7Kμν with the appropriate replacement T$ → TK (see Eq. (10)). Therefore,
in this limit, the production amplitudes for ++$ and ++K are identical to each other, σ++$ = σ++K .
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